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Quantum Mechanics Summary

The following definitions and concepts set up the basic mathematical language used in quantum
mechanics, the postulates on which quantum theory is based, and some of the fundamental ideas
and principles of the theory.

Physical Motivation

1. Quantum theory has its origins in the empirical fact that physical systems can be observed
to exhibit the following behaviour:

(a) Outcomes of experiments repeated under identical conditions vary in an irreducibly
random fashion.

(b) Physical systems prepared in a given inital state can be observed in a final state in a
way that exhibits interference behaviour if the intermediate state of the system between
initial preparation and final observationrist observed. This interference vanishes if
the intermediate state of the systenobserved.

2. This kind of behaviour can be described in the mathematical language of vectors:

(@) From part 1a, leP(¢|y) be the (conditional) probability of observing, in an experi-
ment, a system to be in the stad¢ given that it was prepared in a state wherey
andg are lists of information that can be used to specify the states of the system. Then,
from part 1b, the presence of interference can be understood if this probability is the
square of a probability amplitude|y), i.e.

P(sly) = Kol

where

(@lwy = > (gInXnly)

and where then label all the possiblemutually exclusivéntermediate states of the
system.

(b) The probabilityP(¢ly) is then

P(gly) = D P@INP(Nly) + 2Re D " (@InXniy)) (gImxmiy)
” o

where the cross terms give rise to the interferertares. Observation of the interme-
diate state reduces this to the standard result of the theory of probability:

Pgly) = ), P(gIn)P(nly).
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(c) The ‘cancellation’ of common terms then gives
EPNLT
n

which leads to the interpretation [gf) and then)’s as vectors belonging to a complex
inner product vector space or state space with the probability amplitagesas the
‘weighting’ of the intermediate statéis).

(d) The probability interpretation along with the ‘mutual exclusivity’ of the intermediate
states leads to the orthonormality condition

(NM) = 6nm

(e) The stateg) exhaustively cover all the possible intermediate states and so constitute
acompleteorthonormal set of basis states for the state space of the system.

Mathematical Background

The mathematical background is initiated by whatfte&ively a postulate, so as to motivate the
mathematical language used. The postulates themselves are considered in detail later.

1. Every physical state of a quantum system is represented by a symbol knoketagiten
|...) where... is a label specifying the physical information known about the state. An
arbitrary state is writtefy), or |¢) and so on.

2. Linear combinations or superpositions of such states define other possible states of the sys-
tem i.e. every linear superposition of two or more Kets, |¢2), |¢3), ..., is also a state of
the quantum system. Thus the kgt given by

) = Cilg1) + Calgp2) + Caldz) + ...
also represents a physical state of the system for all complex numbesgscs, .. ..

3. If a state of the system is represented by akethen the same physical state is represented
by the ketcly) wherec is any non-zero complex number.

4. The set of all kets describing a given physical system forms a complex vector space (or
Hilbert space)H also known as the state space or ket space for the system. A ket is thus a
vector belonging toH. A ket is also referred to as a state vector, ket vector, or sometimes
just state.

5. Asetofvector$ps), |¢2), |¢3), .. .is said to be complete if every state of the quantum system
can be represented as a linear superposition dithie i.e. for any statéy) we can write

) = Z Cilhi).

The set of vector;), i = 1, 2, ... are said tepanthe vector space.

6. A basis for the state spaté is a complete set dinearly independentectors that span all
of H.

7. The number of basis states making up a complete set of basis states for a statd §pace
the dimension of the state space. This can be either finite or infinite. In the latter case, the
basis states can be denumerable (i.e. discrete) or non-denumerable (i.e. continuous).

8. In quantum mechanics, a state space of infinite dimension is assumeddpdablei.e.
that there always exists a denumerable set of basis states.




Inner Product

The following definitions and properties define the inner product of vectors belonging to a state
spaceH, and its representation in terms of bra vectors.

1. If |¢) and|y) are any two vectors belonging#d, then the inner product of these two vectors
is a rule that maps the pair of vectdes, |/) into a complex number, writtengf, [v)) with
the properties

@) (¢),¥)) = c, a complex number;

(b) (), calya)+Calp2)) = ca(lp), 1)) +Ca(lp), lv2)) wherec; andc; are complex numbers;
(©) (W), ) = 0. If (Jy), l¥))=0 then|y) = 0, the zero vector.

(d) The quantity/(l¥), [¢)) is known as théengthor normof [).

(e) A statelg) is normalized, or normalized to unity, if#f, |#)) = 1. Two stategs) and
|y are orthogonal if|¢), |y)) = 0.

2. The inner producty), |¢)) defines, for all stateg), the set of functions (or linear function-
als) (¢), ). The linear functionall¢), ) maps any ket vectde) into the complex nhumber
given by the inner produchi), |¢)).

(&) The set of all linear functional$x), ) forms a complex vector spadd™, the dual
space ofH.
(b) The linear functionall§), ) is written(y| and is known as a bra vector.
(c) To each ket vectdy ) there corresponds a bra vectgt such that ifig1) — (¢1] and
lp2) — (2| then
C1lg1) + Colp2) — Ci{pal + Cx(¢al-

(d) Interms of the bra vector notation, the inner product is written
(¥, 19)) = (Wl

3. A Hilbert space is a vector space on which there is defined an inner product and for which
certain convergence criteria need to be satisfied, namely that every Cauchy sequence of
vectors belonging to the vector space must converge to a vector that also belongs to the
space, the convergence being defined in terms of the inner product. (A condition required
in order to be able, for instance, to define the derivatives of state vectors).

Operations on States

1. Operators State vectors can be transformed into other state vectors by the action of oper-
ators. The #ect of an operatoA acting on a state vectdp) is to change the state of the
system to a new staf@) = Aly). An operator is fully characterized when it§e=t on every
state of the state space is known.

2. Linear Operators An operatorA is linear if it has the property

A1) + colw2)) = clllyn) + coAlyr)

for all complex numbers; andc, and all state$/1) andjiy2).
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. Sum of Two Operators’he sumA + B of two operatorsA andB is defined by

(A+B)ly) = Aly) + Biy)

for all stateqy).

. Product of Two OperatorsThe productAB of two operatorsA andB is defined by

(AB)ly) = A(Bly))

for all stategy).

. The Zero OperatarThe zero operat(ﬁ is such thaf)lw) = 0, the zero vector, for all).
. The Unit Operator The unit operatol is such thai|y) = [y for all [y).

. Projection Operators An operatorP with the propertyP? = P is known as a projection

operator.

. Commutator The commutator of two operatofsandB is defined by

(A, 8] = AB - BA

. Equality of OperatorsTwo operatordA andB are equal ifAly) = Bly) for all stategy).

Action of Operator on Bra Vectord he expressiofiy|A is defined to be such that
(WIA)Ip) = (w(Algp))
for all |¢).

Adjoint of an Operator The adjoint (or Hermitean conjugatdj of an operatoA is defined
such that ifAjy) = |¢) then(y|A" = (¢|.

Self Adjoint or Hermitean Operatarsif A = A' then the operatoA is self adjointor

Hermitean [Note that mathematically speaking, these two terms do not mean quite the

same thing, but in quantum mechanics, the distinction is not usually made].

Ket-Bra Notation for OperatorsAn expression of the general form
A= cilgixwil
i
with the rules of manipulation

(@) IpY(Ccryal + Co(yal) = Calgp) (Yl + Calg) (¥l
(b) Aly) = 3, cilgi)Wily)
() (A= 3, cilxlgiwil

is a linear operator. With this notation it then follows that:

(a) The Hermitean conjugate of the operaids:
A= i@l
i

(b) Any projection operatoP can be expressed in the forfh= |)(| where|y) is nor-
malized to unity.




14. Eigenvalues and Eigenvectorg vector is an eigenvector, eigenket, or eigenstate of an
operatorA if Aly) = alyy wherea s in general a complex number known as the eigenvalue
belonging to the eigenvectdy). The usual notation is to identify the eigenvector by its
eigenvalue i.e. in this cagg) becomesa).

15. Discrete and Continuous Eigenvalueén operatorA may have discrete eigenvalugs ay,
as, ..., Oracontinuous set of eigenvectors, eag.< a < ay or both. The set of eigenvalues
is known as thepectrunof the operator.

16. Degeneracy|f two or more distinct eigenvectors have the same eigenvalue, the eigenvalue
is said to bedegenerate

17. Properties of Hermitean operatarff A is Hermitean then:
(a) All eigenvalues of are real, and eigenvectors belonging tfietient eigenvalues are

orthogonal.

(b) Fordiscreteeigenvalues, the associated eigenvectors of an Hermitean opératy,
can be normalized to unity so thédla;) = ¢;;. For continuouseigenvalues, the
associated eigenvectors can be delta function normalized ae’) = 6(a— &). In
either case the eigenvectors are said toiteonormal

(c) The eigenstates of a Hermitean operator form a complete set.
(d) The operatoA can be expanded (spectral decomposition) as:

A=Zana—><an+ fﬂ ala)(alda.

18. Eigenvectors of Commuting Operatotstwo Hermitean operatorA andB commute, then
they have in common a complete set of eigenvedadnssuch thatjab) = alab) andBlab) =
blaby).

19. The Inverse of an OperatpAn operatorA has an inverse if there exists an operd&auch
thatAB = BA = 1. Usually writeB = AL,

20. Unitary Operator An operatorA is unitary if A" = AL,

State Space for Combined Systems

1. If a system is made up of two pafés andS,, each of which can be considered as a system
on its own, and the state spachs and#> of the respective systems are spanned by the
complete sets of stat@g:), [¥2), W2), ..., andgy), [¢2), [#2), ..., then every state of the
combined system can be expressed in the form

I¥) = Ccily1) ® [¢1) + Coly2) ® h2) + . ...

where the tensor product stdig) ® |¢;) represents the state of the combined system in
which the systen®; is in stately1) and systen$, in state|¢,). In other words, the set of
statequi) ® |¢i), i = 1, 2, ...span the tensor product Hilbert sp&teg H>, the state space
of the combined system. The notatigh) ® |#;) is usually replaced by the simpler notation

i)l ).
2. The product statdg)|¢) have the properties

(@) ) (cilor) + Cal2)) = Crllga) + Caly)ld2).




(b) (Caly1) + Caly2))lg) = Calya)ld) + Calyro)l ).

(c) The bra vector corresponding to the ket vedoig) is (¢|{¥| [note the reversal of
order of the factors].

(d) (P1wiD(w2)lp2)) = (Palp2)(Wly2).

3. If A; is an operator acting on states®f andA, an operator acting on states®f then an
operator acting on states of the combined system, writer Ay, can be defined with the
properties

(@) (Ar® A)l)ig) = Addw) ® Aslg).
(b) A1+A2 = A1®12+11®A2.
(c) With the simpler notatiod; ® Ay = AiAy, it then also follows that4q,A,] = 0.

The above definitions can be readily generalized for systems made up of more than two subsys-
tems.

Basic Postulates and Concepts of Quantum Mechanics

1. Every state of a physical system is represented by a vector, and conversely, each linear
superposition of vectors is representative of a possible state of the system. The set of all
state vectors describing a given physical system forms a complex vector space (or Hilbert
space) also known as the state space for the system. If a state of the system is represented
by a vectoly), then the same state is represented by the vefgtpwherec is any non-zero
complex number.

2. To each physically measurable property (called an “observable”) of a physical system there
corresponds a Hermitean operator (also called an “observable”) whose eigenvalues are the
possible results of measurements of the corresponding observable. Conversely, any Her-
mitean operator is understood as representing a possible measureable property of the sys-
tem.

3. The eigenvectors of each observable associated with a physical system is assumed to form
a complete set so that any state of the system can be expressed as a linear superposition of
the eigenvectors of any observable of the system.

4. The orthonormal eigenvectdes) (discrete eigenvalues) ata} (continuous eigenvalues) of
any observable are assumed to satisfy the closure or completeness relation

Yl + [ laxada=1
i A

5. Probability Interpretation

(a) Only those states that have finite norm (and hence can be normalized to unity) can rep-
resent possible physical states of a system. (However, certain states of infinite norm
can be said to represent a possible physical state of a system under certain circum-
stances.)

(b) If the two state$p) and|y) are both normalized to unity, i.ép|¢) = (W) = 1, then:

() The inner productg|y) is the probability amplitude of observing the system to
be in the statép) given that it is in the statg).

6
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(ii) The probability of observing the system to be in the siajegiven that it is in the
stately) is Kgly)I°.
(© In the linear superposition of a stage in terms of the eigenvectors of the observable
A

W) =) laiXaly) + f ja)(aly)da
F A
I
the quantity|§ai|¢>|2 is the probability of obtaining the (discrete) resaltin a mea-

surement ofA and|(aly)?dais the probability of obtaining a result in the rangéo
a+ dafor the continuous set of eigenvalues, providef) = 1.

. Expectation Value of Observabl&he expectation or mean or average value of the results of

observingA for a large number of identical systems all in the stajés (w|Aly) if (W) = 1.

. Uncertainty The uncertainty or varianc®A in the results of measurements of an observable

Aon a large number of identical systems all in the sfatés given by:
(AA)? = WIA - (B)YIyp) = (A%) — (AY?
provided{y|y) = 1.

. Change of State by Measuremetitas a result of a measurement of an observadblthe

resulta is obtained, then immediately after the measurement, the system is in an eigenstate
of A with eigenvaluea. (This is the simplest possible assumption concerning the change of
state by measurement).

. If two observabled andB do not commute, then measurementéaindB interfere in the

sense that alternate measurementa ahdB will yield randomly varying results. Observ-
ablesA andB cannot simultaneously have precisely defined values, and the observables are
said to bancompatible

If two observabled and B do commute, then there exists states of the system for which
these observables simultaneously have precisely defined values. These are the common
eigenstatefab). The observables are then said tocoenpatible

The Heisenberg Uncertainty Relatiohhe uncertaintied A andAB in two observables for
a system in a stafes) are related by the inequality

AAAB > I[([A, B])I.

Complete Set of Commuting Observablesomplete set of commuting observabl&sB,

C, ...are a set of observables that represent the maximum number of physical observables of
a system that simultaneously can have precisely defined values. Their common eigenvectors
|abcd. . . ) are completely and uniquely characterized by their eigenvaues, ..., i.e. no

two eigenvectors have identical sets of eigenvalues.

If A is an observable for a quantum system wdthcreteeigenvalues then states and op-
erators of the system can bepresentedn terms of their components with respect to the
eigenstates oA as basis vectors in the following manner:

(&) The ket vectoly) is represented by a column vector of components

@l
. | <ealv
(aght)
@alp)

)
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(b) The bra vector is represented by the row vector of comporéf#s
Wl = (e W) Wias) ..

(c) The operatoB is represented by a matrix with compone{&ﬁéla,-)

(a1lBlar) (aqlBlaz) (aulBlaa)
. |(a2lBlar) (22lBlag) (aglBlas)
~ |[(@aslBlar) (as|Blag) <(ag|Blag)

Note the use of the symbot” rather than =” to indicate that the vectors (or operators) are
representedby the corresponding column or row vectors, or matrix.

Relations between abstract vectors and operators can thesplgsentedas equations in
terms of row and column vectors and square matrices.

If Ais an observable with continuous eigenvalues, then a representation in terms of column
or row vectors and matrices is no longer explicity possible. Nevertheless, vectors and op-
erators can still be represented in terms of their componenta.idfan observable for a
guantum system withontinuouseigenvalues then:

(&) The components of the ket vectgid with respect to the basis stat@s are (ajy) =
¥(a@). The quantityy(a) is known as the wave function of the stdge in the A-
representation.

(b) The components of the bra vectgt are(yl|a) = y*(a).
(c) The components of the operatmre given byalBla’). Note that, in general, these
components will be Dirac delta functions or its derivatives.

Infinitesimal time evolution of a quantum systdfra quantum system is in the stagt))
at timet, the state of the system an infinitesimal time interval later is assumed to be given

by o
[y (t + db)) = (1 - iQO)dYly(t))

whereQ is a (linear) Hermitean operator which may also be time dependent.

The Hamiltonian Typically, Q is written asH /i whereH is known as theédamiltonianof
the system, andl is Planck’s constant.

The time evolution operator
(&) Over the finite time intervald, t)
() = U(t to)lu(to))

whereU(t, to) is aunitary operator known as the time evolution, or time development
operator.

(b) If the Hamiltonian is time independent, then
U(t, to) = e 1H(t-to)/n

If the Hamiltonain is time dependent, there is in general no closed form expression for
the time evolution operator.
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The Schrodinger equatiorin general, the time dependent state vequt)) satisfies the
equation
diy(t))

Aow®) = =2

Stationary statedf thg HamiltonianH is independent of time, then the time dependence of
the eigenstated&) of H, where A
H|E) = E|E)

takes the form _
E(t)) = €=V E).

so that the probability for the outcome of the measurement of any observable
KlEW) = KalE)?
is independent of time.

Conserved quantitiesThe observablé® is said to be conserved if its expectation value

(O(1)) = W (®)IOW(t)), or .
Ot _ i

dt 7

(H.,0) =0
for all initial stategy(tp)).

The infinitesimal displacement operatdn one dimension, if a quantum system is in the
eigenstatéx) of the position operatox, then the state of the system after undergoing an
infinitesimal displacementxis

X+ dx) = (1 +iKdxX)x
whereK is a (linear) Hermitean operator.

The momentum operatofypically, K is written asp/ whereg'is known as thenomentum
operator of the system.

The displacement operatolf a quantum system in theAstatAe) undergoes a finite displace-
menta, the state of the system after the displacemeb{&|y) where

D(a) = €P¥"
is aunitary operator

SymmetriesAn operation performed on a system (as represented by a unitary oprator
say) is a symmetry operation if the evolution of the system idfented by the operation.

(a) Thisis to be understood in the sense that
S0(tt0)Sly) = U(t, to)ly)

i.e. performing the operatiorSj, allowing the system to evolvaJ(t, to)), and then
reversing the operatior5(!) produces the same outcome as not performing the oper-
ation at all, for all statep) of the system.

(b) As a consequence, the operation represented by the unitary ofgiatarsymmetry
operation if o
[S,H]=0

whereH is the Hamiltonian of the system.




25. Symmetries and Conservation Lawsssociated with each symmetry of a quantum system
is a conserved observable. In particular, if the space displacement opferat@¥(a) is a
symmetry operation, then the conserved quantity is the momeptum ~

26. Canonical commutation relationgrom the definition of the space displacement operator it
follows that
[%.p] =in
or, more generally

% £(p)] = ihd;(g’).

27. Canonical quantization The quantum description of a classical physical system can be
constructed by demanding that

(@) All symmetry properties of the classical system also be symmetries of the quantum
system.

(b) The conserved gquantities of the quantum system be identified, up to a constant of pro-
portionality, as the Hermitean operators (observables) of the corresponding classically
conserved guantities.

which results in the rules:

(a) Replace, in the classical Hamiltonian, all generalized positions and mommesa
g,i=1,2,..., by Hermitean operatops andg.
(b) The classical HamiltoniaH (g, p) becomes the quantum Hamiltonigi{d, p).
(c) The quantum operatops anddj are required to satisfy the commutation rules
[Gi, Bj] = 170
[Gi. ;] = [Pi, pj] = 0.

28. The position representatioiT his representation is defined in terms of the eigenstates of the
position operatok {in one dimension). This operator has continuous eigenvalues, so that:

(a) The wave function of the ket vector in the position representatioiis = (X).
(b) The position operator in the position representation is

(XIXIX) = 6(x = X))

(c) The momentum operator in the position representation is

Ao, 00(X=X)
(XPIX) = —In E
or, in a form often more convenient
Ao du(X)
(X Py = —in dx

29. Schrodinger equation in the position representati®he Schodinger equation for a particle
with Hamiltonian
pZ

H=_— +V(xt
om (%,1)

is, in the position representation
72 02¥(x,t)
2m  x?
otherwise known as th&chrodinger wave equation

¥(x, 1)
at

+ V(X )¥(x,t) =ik

Updated: $'August2005 at4:26pm.
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