Chapter 8

Vector Spaces in Quantum Mechanics

We have seenin the previous Chapterthatthereis a sensen which the stateof aquantum
systemcanbethoughtof asbeingmadeup of otherpossiblestates Theaim hereis to use
theexampleof the Stern-Gerlaclexperimentto developthisideafurther, andto show that
the statesof a quantumsystemcanberepresentetby vectorsin a comple vectorspace.
To begin, we review someof the basicideasof vectors,usingthe exampleof vectorsin
realtwo dimensionakpace.

8.1 Vectors in Two Dimensional Space

Below is asummaryof theimportantpropertieof vectorsin physicalspacebasedntheir
interpretationasmathematicabbjectsthat have both magnitudeanddirection. Position,
velocity, force and so on are examplesof suchvectors. The intentionis not to give a
completediscussionbut to highlightanumberof importantpropertiesof suchvectorsthat
have amaloguesn the caseof quantumstatesjncludingthe propertythattwo vectorscan
be combinedto produceanothervector andthat Ohe much®f onevectoris contained
in anothercanbe measuredia theinnerproductof two vectors.

8.1.1 Linear Combinations of Vectors — Vector Addition

Considertwo non-collinearvectors¥, and, asillustratedin Fig. (8.1). Multiples of
thesepair of vectorscanbe addedtogetherin the fashionillustratedin Fig. (8.1) to form
anothervector Corversely ary othervectorv canbe expressedn termsof ¢, and %,
usingappropriatevaluesfor thecomponentg andb of v, i.e.

v = av, + b, (8.1)

Therighthandsideof thisequations known asalinear combinatiorof thevectorsé, and
®,. The particularpointsto take away from this is thatcombiningvectorsproducesther
vectors,analogoudo our obsenation above thatcombiningstatesproducestherstates,
andthatthe components andb area measuref how muchof ¥, and®, respectrely go
towardsmakingup thevectorv.
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Thesevectorsarereal vectorsin thatthe cod cientsa andb arereal numbers.We can
readily generalizethe ideasabove by allowing a and b to be complex numbers. This
makesit di! cult to drav PguressuchasFig. (8.1), but theideacanbe still retainedthat
the absolutevalues|a] and|b| will thenrepresenthe extentto which v is madeup of the
two vectorsv, andvs.
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Figure 8.1: Examplesof vectoraddition. (a) Two arbitrary basisvectorsv; andv, combining
to give v; (b) A pair of orthonormalbasisvectors (C) The vectorv expressedas a linear
combinationof the basisvectorsd, andd,: v = 2d, + 1.5a,.

The two vectors$, and, introducedabove arearbitrary exceptinsofar asthey arenot
collinear They areknown asbasisvectos in the sensethat any vector canbe written

asa linear combinationof them. Thereis €" ectively aninbnite numberof choicesfor

the basisvectors,andin factit is possibleto choosethreeor more vectorsto be basis
vectors.But the minimum numberis two, if we wish to be ableto describearny vectorin

the planeasa linear combinationof basisvectors. The collection of all the vectorsthat
canbeconstructedby takinglinearcombination®f thesebasisvectorsusingany comple

numbersa andb ascomponentss known asa comple vectorspaceandsincetwo basis
vectorsareneededthevectorspacds saidto be of dimensiontwo.

This vector spacepossessnore structurethan that implied by simply forming various
linear combinations Vectorsthatcanbe dravn in a plane,asin Fig. (8.1),i.e. for which
thecod cientsa andb arereal,canbeclearlyseento have di* erentlengthsandrelatve
orientations.Thesepropertiesof vectorsareencompasseih the debnitionof the inner,
scalaror dot productof pairsof vectors.

8.1.2 Inner or Scalar Products

Theinneror scalarproductof two real vectorsv, andv; is debPnedy
V1 avy = V4V, COSH (8.2)

wherev; andv, arethelengthsof v; andv, respectrely, andd is theanglebetweerthem.
Usingtheideaof aninneror scalarmproductv, v, it is possibleto introducea particularly
usefulpair of basisvectors.To this end,considertwo vectorsa, andw, thatsatisfy

G iy = 6 46 = 1 8.3)
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i.e. they have unit length,hencethey areknown asunit vectors,and
6, &6, = 0 (8.4)

i.e. they are orthogonal. This pair of vectorsd, and, is saidto be orthonormal. As
before,they form a basisin that multiples of eachvector canbe addedtogetherin the
fashionillustratedin Fig. (8.1) to form anothervector Corversely ary vectorv canbe
expressedisingappropriatevaluesfor thecomponentsf v, i.e.

v = aiiy + bi. (8.5)

The components andb, which represenDhe much®f the vectorv is madeup of the
vectorsid, andd, aregivenby

a=dw av and b= av (8.6)

A well knovn exampleof a vector expressecasa linear combinationof a pair of unit
vectorsis givenby the positionvectorr written with respecto the unit vectorsPand§.

r = xP+ yP (8.7)

Onceagqain, if we allow for the possibility of complec vectors,thenthe dePnitionof the
inner productis changedo allow for this. Thusthe inner productof two vectorsv; and
Vo IS NOW v!l av,, andorthonormalectorssatisfy

ll!lélllzll!za,llzzl

|z » 8.8
u'lau2=u'2au1=0. ( )
Comple basisvectorsarenot exotic mathematicaéntities.A simpleexampleis
3i + 4ij
u; = 5 J
4" 3
u, = — - J (8.9)

thoughit is trueto saythatthey arenot oftenencountereih mechanicsexceptatanad-
vancedevel, but are,aswe shallsee routinelyfoundin quantummechanicsBecausef
that, it is corvenientto introducea new notationfor innerproduct(onethatis commonly
usedin puremathematicsyvhich is to write theinnerproductof two vectorsv, andv, as
(v, v2), sothatwe would have here

(V1,V2) = V) &vy. (8.10)

Thevalueof this notationis simply thatit is moregeneralanddoesnottie usto the geo-
metricalnotion of inner productthatwe areusedto usingwith positionvectors,velocity
vectorsandthelike.

8.2 Spin Half Quantum States as Vectors

We now needto examinethewayin whichthequantumstategor aspinhalf systencanbe
seerto btin with theideaof beingconsideredsvectors.To seehow thiscomesabout,we
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will shaw thatthereis aperfectanalogybetweertqgs.(7.43)and(7.44)andcorresponding
relationshipsfor ordinary (comple) vectors. Returningto the Stern-Gerlachexample
discussedhn the precedingChaptemwe obtainedthereanexpressiorEq. (7.44)

S#= [+#S |SH+ |"H#$"|SH

for the stateof a spin half atom expressedn termsof the states|+# which are states
for which the atomhasa z componenf spin equalto J_r%! , and $x[S# are probabiINity
amplitudes(complex numbers\whosemagnitudein somesensetells us Ohew muchf
the stateg+#areto befoundin the state|S# This resultwasobtainecby @ancellingGhe

commonfactor@sf0from theresult
SIS = S+ #S |SH+ SSPHS"|SH#

Whatwe shouldbearin mind hereis thatwe canrecover this relationshipbetweernprob-
ability amplitudesby reintroducing®s*fGinto Eq. (7.44)for ary choserbnalstate yield-

ing anexpressiorfor the probabilityamplitudesasneededThus,ashasbeensaidbefore,
Eq. (7.44)€" ectively represents Otemplatdfito which we insertthe appropriatenfor-

mationin orderto recovertherequiredprobabilityamplitudes We canalsonotethatthere
is nothingsacredaboutchoosingto cancelthe the commonfactor|S#Dbwe couldequally
aswell cancelthefactor|S# yielding

S = SH#E |+ SPHS|. (8.11)

Having carriedoutthis cancellatiorprocedurewhathasreappeared the stateof aquan-
tum systemi.e. |S# which was introducedearlierin a di" erentcontext, specibcallyas
being nothing more than a way of writing down all that we knew aboutthe stateof a

guantunmsystem.There thenotationhadno mathematicasignibcancehut in themanner
in whichit appearsere,it seemso have acqureda mathematicaineaningof somekind.

The aim is to seewhat this meaningmight be, andin doing so, we will shav thatthe
expressiorfor |[S#hasmary of the propertiesthatwe associatavith expressinga vector
asasumof its components.

We begin by consideringthe probability amplitudes$S*S#themseles. Thes arecom-
plex numbersn generalfor arlitrary spindirections,(but they wererealin the particular
Stern-Gerlackexampleusedabove), suchthattheir modulussquared$s’iS#f is the prob-
ability P(SS) of observinghespinto bein thestate|S*#giventhatit wasin the state|S#
In particular $5|S#is the probabilityamplitudeof observinghe spinto bein the state|S#
giventhatit wasin the state|S# This will have to be unity, i.e. P(S|S) = |$8|S#f = 1.
Thuswe canconcludethat

$S|S#= " (8.12)

wheren is an arbitrary phase. It turns out that this phasealways cancelsout in ary
calculationof obsenablequantities soit is conventionallysetto zero,andhence

$S|S#= 1. (8.13)

Thestate|S#is saidto benormalizedo unity. As aparticularcasethislastresultimplies
that
$r[+#= 1. (8.14)
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We cannow considerthe probability amplitude$+ |S# obtainedby replacingS*by + in
the above expressiorfor $5"fS#

$+|SH= $t|+#SB |SH+ SH|"#S"|SH (8.15)
We have seenthatwe canput $+|+#= 1, sowe have
$H|"#$"|S#H=0 (8.16)

which hasto betrue no matterwhatthe state|S#happengo be,i.e. no matterwhatvalue
the probabilityamplitude$"|S#is. Thuswe concludethat

$H|"# = 0. (8.17)
Similarly we canshaw that
$"# =1 and $"|+#= 0. (8.18)
Thuswe cansetup acomparison:
$tr=1 &' @ an =1
way : o e
;l": e 5,4 - ; (6.19)

$+#=0 &' @an=0

wherewe have choserto makethecomparisorbetweertheprobabilityamplitudesandthe
inner productof comple unit vectorsaswe aredealingwith probability amplitudeshat

are,in eneralcomplex numbers.Thiscomparisonmpliesthefollowing correspondences:
48 W % &

| . mul | " . ‘?2 (8.20)

$ & @ $ & .

We know that $+|S# and $"|S# are both just complex humbers,so call thema andb
respectrely. If we now write
|S#= al+#+ b|"# (8.21)

we establisha perfectcorrespondenceith the expression
v = ad; + b,. (8.22)

Onthebasisof thisresult,we arethentemptedo interprettheket|S#asavectorexpressed
asa linear combinationof two orthonormalbasisvectors|t# We canpushthe analogy
furtherif we onceagain usethefactthat$S|S#= 1, sothat

$S|SH= 1= $S|"#$"|St+ $|+#$|SH (8.23)

Ontheotherhand,thetotal probability of observingthe systemin eitherof the stateq+#
mustaddup to unity, which meanghat

P(+|S) + P("| S) = | |S#f + |$"|S#f = 1. (8.24)
By comparingthelasttwo equationsandnotingthat

|$+B#f = $+SH#HS+H# (8.25)
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we concludethat
$+B#= $S|+#. (8.26)

If we now consider
%= SS'H#S |+ STHS|
andusetheresult,Eq. (8.26),$+5%= $’+#, we canwrite this as
$S° = $HSH S|+ $'|SH S| (8.27)

or, expressedn termsof a*= $+|S"#andb”= $"|S% we have

S = a”%+| + b”$"| (8.28)
which hasa perfectcorrespondenceith anordinaryvector@tin theform
V= 2 + b, (8.29)

So the bra $5% is itself a vector a bra vector which can be thoughtof as being just
the complex conjucate of the correspondindet vector|S% But while it is occasionally
usefulto think thisway, it is not strictly truemathematicallyandthis way of viewing abra
vectorwill notbeemployedhere.Insteadaswill beshavn shortly, aninterpretatiorof ket
vectorsascolumnvectordeadsto theinterpretatiorof bravectorsasrow vectors.A more
mathematicastandpointilsoleadsto interpretatiorof bravectorsasOlineafunctionalsO,
thatis, a brais a mathematicabperatorthat actson a ket vecta to producea comple
number

Finally, to completethe correspondencaye note that the probability amplitude$S%S#
canbewritten
$S’fs#= a”a+ b”b (8.30)

whichcanbecomparedvith theinnerproductv”&, or writtenin themoreformal notation:
(v*v) = a%a+ b”b (8.31)

which tells usthatthe probability amplitudecanbe consideredisbeingsimply theinner
productof thetwo vectors|S%#and|S# i.e.

$S"s#= (IS*% |SH. (8.32)

In otherwords,we have a perfectanalogybetweenhe two dimensionakcomplex vector
spaceformedby linear combinationsof the unit vectorsd, and, discussedn Section
8.1andacomple vectorspaceconsistingof all thelinearcombinationf the stateq+#

The ket vectors|t#arereferredto asbasisstates analogougo @ and, beingreferred
to asbasisvectors.

Di" erentspinstatescanbe constructedy forming linearcombinationdS#= al|+#+ b|"#
of thesebasisstateswith a andb beingallowedto rangeover all the complex numbers,
thoughwe have only beenlooking at linear combinationswith realcod cients.By lim-
iting a andb to berealnumberswe are constructingstatesvhosemeasuredtomponent
of spinall lie in the sameplane,which, with the systemof axeswe have beenusinghere,
is the XZ plane. If thecod cientsa andb arecomple, the state|S#represents state
in which the measuredomponentS = S an is alonga direction® that pointsout of this
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planethoughwe will notattemptto prove this here(seekq. (8.46)). So,ary linearcom-
binationin which a andb areany complex numbersalsodePnesa possiblespin stateof
the spin half system.Thusall the possiblelinear combinationsof |+# i.e. combinations
of theform aj+#+ b|"# wherea andb arecomplex numbes form a comple vectorspace
known asthe statespaceof thesystem.

Thequantunstatevectorscanalso be Omultiplied@@gethedtheinnerproductof thetwo
vectors|S%#and|S#is just the probability amplitude$SfS# In particulay the basisstates
arenormalizedto unity, i.e. they areunit vectors,andthey areorthogonalto eachother
i.e.they form a pair of orthonormalbasisstates

Theterminologyoftenadopteds to saythatthe statevector|S#= al+#+ b|"# is aOlinear
superposition6f thetwo stateg+# The probabilityamplitudesa = $+|S#andb = $"|S#
represenOhw much®f the stateg+#arecontainedwithin the state|S#to the extentthat
|$+B#f is the probability of the zcomponenbf spinbeingfoundto have thevaluesi%! .
Onedi" erencebetweenordinaryvectorsand quantumstatevectorsis the importarce of
the Onormalizationondition®i,e. the requirementhat $S|S# = 1, which musthold true
giventheinterpretatiorof theinner productasa probability amplitude.But how canthis
bereconciledwith the statemenabove thatanylinearcombinationof the basisstatess a
possiblestateof the system7How cana statevectorsuchas|S#= |[+#+ |"# which hasthe
property

®|5H= 2 (8.33)

be a physically acceptablestatevectorasit seemso be sayingthat the probability of
Pndingthe systemin the state|S#giventhatit is in the state|S#is 4, which doesnot malke
senseBut, if we dePneanew vector|S#by

|S#= Li = {1—_|S# (8.34)
s 2

then automatically|S# will have the requirednormalizationpropertyP it is saidto be
normalizedto unity. So, rathe thanabandoningyiving a physicaliinterpretationof state
vectorswhich arenot normalizedto unity, the approachadopteds thatwe canmultiply
ary statevector by ary factor and say that it still representshe samephysicalstate,
i.e.|S#and|S#= a|S# wherea is ary comple« number representhe samephysicalstate.
However, it is only the normalizedstate|S# that shouldbe usedin ary calculationsin
orderto be certainthatprobabilityis properlyaccountedor.

Thiscanbesummarizedn atable:
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Classicalector Quantumstatevectorfor spin
half system

BasisVectors 0, 0 [+# |"#
InnerProduct (V1,V2) = V] vy (IS |SH = $S'fS#
Orthonormality o, &y = @ ad, = 1 $Hl+#=$""H =1

O, &b, = @, 4y = 0 $H|'# = $'|+#= 0
Linear 0= ad, + b, |[S#= a|t+#+ b|"#
combination a andb comple« numbers aandb comple« numbers
Normalisation N $Sis#=1

A More Detailed Analysis One of the importantpropertiesof vectorsis that two or
moreof themcanbe combinedasa Olineacombination@ producea third. If we areto
considerquantumstatesasvectors,thenthis very basicpropertymustalsobe possessed
by quantumstatesin theabove, we have notreally shavn thatarny linearcombinationof
thebasisstated+# doesindeedrepresené possiblestateof thesystemgvenif werestrict
oursehesto the caseof the measuringspin componentsn the XZ plane. But a more
detailedagumentthanthatjust presenteadanbe usedto strengtherthis conclusion.To
seehow thiscomesabout,we returnto theabove expressioreq. (7.18)for theprobability
amplitude$S; = 3! |S; = 21 #

$f = %' |S| = %I#=$f = %l |S| = %I#$| = %I |S| = %'#

8.35
+8S; = 2S =" H#B =" 21S = L4 (8.35)

We canOcanceliS; = 1! | from this expressiorandwrite
S = Li#= 1S, = L#® = LS = L#+|S = "Li#s =" LS = Li# (8.36)
In Section7.3, Eq. (7.33),thequantity$S; = 1! |S; = 1! #wasshawvn to begivenby
$1 = 31|Si = 3! #= cos[@; " 6))/2]

with the phasefactorexp(i#) put equalto unity, andwith ® andmd, the directionsof the
magnetichelds,conbnedo the XZ plane. The probability amplitudesfor the systemto
passthroughtheintermediatestatedS, = +3! # thatis, $5, = +3! |S; = ! #arelikewise
givenby

$S, = 11|Si = 31 #= cosE(6, " )]
$S, =" 1118 = L1 #=cosfy(6 + n" 6)] =" sin[3(6, " 6)].

sothatEq. (8.36)becomes

(8.37)

ISi = 2! #= cos[ (6, " 6)]|S) = +3! #" sin[3(6 " 6)]IS| =" 3! # (8.38)
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To furthersimplify things,we will assumehaté, = 0, i.e.thePvectoris in thez direction.
In addition,we will make the notationalsimplibcationalreadyusedabove debPnedy

IS = 31#'| S#
IS = 31 #'|+#
8 = +11|S; = 11 #'$x| S#

sothat|+#= |S, = +11 # andEq. (8.36)becomes
ISH= |+# [SH+ |'#$"|SH (8.39)

or, usingEq. (8.37)
|Stt= cos§6,)|[+#+ sin(G6,)|"#. (8.40)

We arenow atthe pointatwhichwe canbegin to supplyaninterpretatiorto thisequation.
Whatthisequations sayingisthatthecombinatiomos@@i)|+#+ sin(%ei)r'#, and|S# both
representhe samething Bthe atomicspinis in astatefor whichS; = 3! . In otherwords,
if we werepresenteavith the combination:

1 1,
{_§|+#+ {_§| # (8.41)

we immediatelyseethatcos§6;) = 1/( 2andsin(6;) = 1/( 2,andhences; = 90 . Thus
the magneticbeldis pointingin thedirection90 to thez direction,i.e. in the x direction,
andhencethe spinstateof theatomis the state|S#= |S, = %! #

But whatif we werepresentedvith the combination2|+#+ 2|"#? Here,we cannotbnd
ary angled;, soit appearshatthis combinationis not a possiblestateof the atomicspin.
But we canwrite this as # $

2 2 (1_§|+#+ {1_§|"# (8.42)

whichwe cannow understan(zhsrepresentin@( 2|Sy = %! # IsZ( 2|Sy = %! #adi" erent
physical stateof the systento |Sy = %! # Well, it is our notation,sowe cansaywhatwe
like, andwhatturns out to be preferableis to saythat «|S# describeghe samephysical
stateas|S# for ary value()f_ theconstantr. Thus,we cansaythat2|+#+ 2|"# is alsoa state
of the system,namely2 " 2|S, = 1! # which representshe samephysical information
aboutthe stateof the systemas|Sy = %! #

Thusary combinationC, |+#+ C. |"# whereC. arereal numberswill alwaysrepresent
somestateof thesystemjn generalgivenby

C2+C?|S = 11 # (8.43)
where
Si=S ab (8.44)
andwheref is a unit vectorin thedirectiondebPnedy theangle

0/& &
6, = 2tan . c_ . (8.45)

+
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Corversely given ary stateof the system,we canwork out how to write it in the form
Ci|+#+ C.|"#. Further we canrepeatthe whole of the above discussiorfor ary other
choiceof theintermediatestatedS, = i%! #

It is thislastfactthata state|S#canbewritten asthelinearcombinatioror linearsuperpo-
sition C, [+#+ C. |"# of two othe statesanalogoudo Eq. (8.1) for the arbitraryvectorv,
andcorverselythatary linearsuperpositiorof statess itself anotherstateis theessential
propertythat thesestatesneedto possessn orderfor themto be interpretedasvectors
belongingto somevectorvectorspacespecibcallyherearealvectorspace.

In themoregenerataseof themagnetidrelds
vectorsnotall beingin the XZ plane theprob- v
ability amplitudes$+[S#will be, in general,
comple numbers. For instance,it can be )
shavn thatthe state|S# = |S, = 3! #where
S, = S am, andwhered = singcosg P+ 9
singsing P+ cosvR is a unit vectororiented
in a directiondebnedby the sphericalpolar >y
angles, ¢, is givenby '

IS#= cosge)|+#+ €’ sinCo)|"#  (8.46)

Neverthelessthe agumentgpresentedbore

continueto apply In particularany linear

combinatiorC. |"#+C., |+# whereC, arecom-
plex numbers,will be a possiblespin stateof an atom. But sincethe cod cientsare
comple numbersthevectorspacepr statespacejs a comple vectorspace.This more
generalcase,is whatis usually encounteredn quantummechanicsand below, we will

assumehatthe probabilityamplitudesare,in generalcomplex.

Figure 8.2: Polaranglesfor depPningdirec-
tion of unit vector®

8.3 The General Case of Many Intermediate States

The above resultswere basedon the particularcaseof a spin half systemwhich could
passthroughtwo possibleintermediatespin states,and was developed,at leastin part,
by analogywith thetwo slit experimentwherea particlecould passthroughtwo possible
intermediatestatesdebnedby the positionsof the slits. Both theseexamplescan be
readilygeneralizedFor instancewe could consideraninterferencesxperimentin which
therearemultiple slits in the bPrstbarrier Clearlythe algumentsusedin thetwo slit case
would applyagain here,with the Pnalresultfor the probabilityamplitudeof observingan
electronstriking the screemat positionx afterhaving setout from a sourceS beinggiven

by

'N
WSH= Xn#P|SH# (8.47)
n=1
wherewe have supposedhatthereareN slits in the brstbarrier sothatthe electroncan
passthrough N intermediatestates. Lik ewise, if we repeatthe Stern-Gerchexperiment
with spinl atomswe would Pndthattheatomswould emepgein oneor theotherof three
beamscorrespondingo S, = "!,0,! . More generally if the atomshave spin s (where
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s=0oriorlor,...thenthey will emegein oneof atotalof 2s+ 1di" erentpossible
beamscorrespondingo S, = " s, or (" s+ 1), or...,or(s" 1), or s'. We canthen
write

's
SsH=  Shwd|S# (8.48)

n="s
I.e. theatomcanpassthrough2s + 1 intermediatestateswherewe have written [n#for
the statein which the atomhasa z componenbf spinS, = n! . Whatwe wantto dois
extractfrom thesetwo examplesa generalprescriptionthatwe canapply to ary system
in orderto build up a quantummechanicatlescriptionof thatsystem In orderto setthe
scendor this developmentwe needto reconsideagain thegenerafeatureghatapplyto
theintermediatestatesappearingn the above two expressionsTheimportantproperties
of theseintermediatestatesareasfollows:

1. Eachintermediatestaterepresenta mutually exclusive possibility thatis, if the
systemis obseredto be in oneof the intermediatestates;t is dePnitelythe case
thatit will notalsobeobseredin ary of theothers:theelectroncanbeobseredto
passthroughoneslit only, or a spin s atomwould be seento emegefrom a Stern-
Gerlachapparatusn onebeamonly. It is this mutualexclusivenesghatallows us
to write suchthingsas$"|+#= 0 or $+|+#= 1 andsoon.

2. Thelist of intermedia¢ statescoversall possibilities: if thereare N slits in the
barrier thentherewill be N intermediatestategn#bthereareno otherslits for the
electronto passthrough. Likewise, if anatomwith spin s entersa Stern-Gerlach
apparatusijt emepgesin one of 2s+ 1 possiblebeams. Thusthe states|n# n =
"s"s+1,...,s" 1, saccountor all thepossiblestategshattheatomcanemepe
in.

3. Finally, the claim is madethatthe probability amplitudefor Pndingthe systemin
the state$p| giventhatit wasin the stately#canbewritten as

Wlu#t= BBy # (8.49)

n

which allows usto write the arbitrarystate|y#as

|# = [Py # (8.50)

n

where|y# the probability amplitudeof Pndingthe systemin the state|n# given
thatit wasin the statejy# is now viewed asa OwightingQor the state|y#to be
obsenredin the state|n#

The above threepropertiesof intermediatestatesshavs us how to generalizehe results
that were obtainedfor the two slit and spin half examplesusedto develop the ideas.
However, the ideasdevelopedoughtto be applicableto systemsother than thesetwo
possibilities. Thus,we needto extract out of whathasbeensaidsofarideasthatcanbe

'Note,nis notnecessarilgnintegerhere.If s = % for instancethenn will have thetwo possiblevalues
n=+ % andthestateq = %#arejustthe stateswve have earliercalled |+#
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appliedto ary physical systemsoasto generatex quantumdescriptionof sucha system.
We do this by notingthe singularrole playedin the above discussiorof the Ointermediate
statesQf we canidentify suchintermediatestategor any physicalsystemthenwe arein
apositionto formulatea quantumdescriptionof sucha system.

The characteristic®f the intermediatestatesthat are of greatesimportancearethe fol-
lowing:

1. They represeniutually exclusive alternatves,thatis, if ameasuremens made a
systemis obseredin only oneof thesepossibleintermediatestates;

2. Theintermediatestatescover all possibilities thatis, if ameasuremerns made the
systemis alwaysobsenedto bein oneof theseintermediatestates;

3. If thesystemis initially preparedn someinitial state|y# thenthe probability am-
plitude of observingit in somearbitrary Pnalstate|p#is givenby a sumof proba-
bility amplitudesof passinghrougheachof theseintermediatestatesjn a manner
analogoudo Eg. (8.48).

We will now seehow thesddeascanbeappliedto more
" generalkinds of physical systems.To begin, we have
G O to setup theseintermediatestatesfor a given system.
So supposewe perform an exhaustiveseriesof mea-
| + a# surementf someobsenable propertyof the system
Bcall it Q. For example,we could determinethrough
a——+a— which slits it is possiblefor an electronto passin the
¢! O two slit experimentabove, or the possiblevaluesof the
Z componenbf the spin of a particle, or the possible
|" a# valuesof the positionof anelectrononanO,, ion, asin
the adjacentbgure.We will give mary moreexamples
Figure 8.3: O, ion with the two later. Whatever the system whatwe meanby exhaus-
possiblepositionsof theelectroncor  tive is thatwe determineall thepossiblevaluesthatthe
respondingo thetwo stateq + a# obsened quanity Q might have. For instancewe de-
terminethat,in thetwo slit interfererceexperimentthe
electroncanpassthrough,(thatis, be obsenedto be at) the positionof oneor the other
of thetwo slits, or thata spinhalf particlewould be obsenedto have either of the values
S, = 1!, andno othervalue. Or for the O, ion, the electroncanbe foundeither on the
atomat positionx = " a or onthe atomat position x = +a. In generalfor anarbitrary
obsenableQ, let usrepresentheseobsenedvaluesby q;, 0z, Gz, ... all of whichwill be
realnumbers Of coursetheremightbe otherobsenablepropertief thesystenmthatwe
might be ableto measurebut for the presentve will supposeéhatwe only needconcern
ourseleswith justone.

<« a—! +a_»

In keepingwith the way thatwe developedthe ideaof stateearlier we thensaythatasa
resultof the measurememnroducing,for instance the outcomeq,, we thensaythatthe
systemendsup in the state|g;# andsimilarly for all the otherspossibilities. Moreover,
thereis now the possibility, if the systemis initially preparedn the initial state|y# of
observingit in arny oneof thesestateqq,# but onceagain, we areunableto predictwith
certaintywhich of thesestateswe will obsere the systemto bein Bwe canonly assign
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a probability P(gn|) of Pndingthe systemin the state|g,# givenit wasin the state|y#
Likewise, therewill be a probability P(¢|g,) of Pndingthe systemin the Pnal state|p#
giventhatit wasin thestate|g,# It is atthis pointthatwe reachtheresultthat,in asense,
debnegjuantummechanics.If the possibility exists of bndingthe systemin ary of the
statedq.# |02# . . ., thenaccordingto classi@l ideasof probability, we would be safein
assumingheintuitive formula

P(oly) = P(¢lan)P(anly) N aresultof classicaprobabilitytheory
n

i.e. the systemstartsin the state|y# andhasthe probability P(qg,|y) thatit will endup
in the state|g,# andonceit OarriesthereQve then have the probability P(¢|q,) that it
will thenendup in the state|¢# given thatit wasin the state|g,# Multiplying these
two probabilitieswill thengive the probabilityof thesystemstartingfrom |y#andpassing
through|g.#onits wayto thebPnalstatelp# Wethensumoverall thepossiblantermediate
stateqq,#to give thetotal probability of arriving in the state|¢p# However, whatis found
experimentallyis thatif thesystems neverobservedn anyof theintermediatestateqq.#
this probability is not given by this classicaresultbthe measurementshowv evidenceof
interferencee" ects,which canonly beunderstoodi this probabilityis givenasthesquare
of a OprobabilitgmplitudeO.

Thus,we Pndwe mustwrite P(¢|y) = |®|u#F, where$p|y#is a complex number gener
ally referredto asthe probabilityamplitudeof Pndingthe systemin state|¢#giventhatit
wasin stately# andthis probabilityamplitudeis thengiven by

Blp#= Blo#Snl# (8.51)

n

wherethe sumis over the probability amplitudesof the systempassingthroughall the
possiblestatesassociatedvith all the possibleobsenedvaluesof the quantity Q.

If we squarethis resultwe Pndthat

P(gly) = |Sply#f |95 [0 #f | Bnly#F + crossterms

P(#]d,)P(On|y) + crossterms (8.52)

n

We notethatthis expressiorconsistsin part,of theclassicaresultEqgn.(8.3),but thereis,
in addition,crossterms. It is thesetermsthatareresponsibldor the interferences" ects
obseredin the two slit experiment,or in the Stern-Gerlachexperiment. If we obsene
which state|q.,# the systemOpassebrough(t is always found that theseinterference
termsarewashedout, reducingthe resultto the classicalresultEqn.(8.3). This we have
seenin the caseof two slit interferencewhereinif the slit throughwhich the particle
passess obsened,thentheinterferencegatternon the obsenationscreens washedut.

Whatremaingto befoundis waysto calculatetheseOprotaility amplitudesOMe cango
alongway towardsdoingthis by recognizingfrom a purelyphysicalperspectie, thatthe
probability amplitudesiym|g.# musthave the following properties:

¥ Rnlg# = 0if m ! n. This amountsto statirg thatif the systemis in the state
lg-# i.e. whereinthe obsenableQ is known to have thevalueq,, thenthereis zero
possibility of Pndingit in the state|g#



Chapter 8  Vector Spaces in Quantum Mechanics 90

¥ $0lgn# = 1. This assertghatif the systemis in the statefor which the quantity Q
hasthe valueqy, thenit is certainto befoundin the statein which it hasthe value
On- Thusthestateq|g.# n = 1, 2,...} aremutuallyexclusive

¥ Thestateq|g# n = 1,2,...} arealsoexhaustve in thatthey cover all the possible
valuesthat could be obsenred of the obsenable Q. Thesestatesare saidto be
completebsimply becauseghey cover all possibilitiesbandthe resultEqgn. (8.51)
asthe Oclosureelation@or thesestates.

Thenwe proposeahefollowing setof ideasandconcepts:

1. $|y#= the probability amgditude of the systembeingfoundin the state|¢#
giventhatit wasin stately#

2. |®|u#t = theprobability of the systembeingfoundin the state|g#giventhat
it wasin statejy#

3. Thestateq|g.# n = 1,2,...} aremutuallyexclusiei.e.

®mlg#=6mn=1 Nn=m
=0 n!'m (8.53)

wheredn, is known asthe Kronecler delta. The stateg|g.#n = 1,2,...} aresaid
to beorthonormal

This conditionsatisbPedy thesestatess a mathematicaéxpressiorof thephysicd
factthatif the systemis in one of the states|q.# thenthereis no possibility of
Pndingit in someotherstate|g# m! n, hence®ym|g.#= 0 while the probability
of Pndingit in the state|g,#mustbeunity.

4. Thefundamentalaw of quantummechanicsptherwiseknown asthe closue rela-
tion: ;
Wly#t= BplatSnlu# (8.54)
n
tells us thatthe total probability amplitudeof Pndingthe systemin the Pnalstate
|p#is justthe sumof the probabilityamplitudesf the systemOpassinprough@ry
of thestateg|g.# n = 1,2,...}. Thisis the Osunover paths@leaalludedto above.

It is at this point that we performthe Ocancellatiortéick which resultsin the statesbe-
ing expressedn termsof otherstatesasin the following, which ultimately leadsus to
interpretingthesestatesasvectors.

5. Thecompleteneseelations:

ly#= O Sinly# (8.55)

n

= Blo#S (8.56)

whichtells usthateithertheinitial or Pnalstatescanbe expressedisalinearcom-
binationof theintermediatestateq|g.# n = 1,2, ...}. Thisis astatementhatthese
statesarecompletan thatthereis enoughof themsuchthatany stateof the system
canbewrittenin theabove form in termsof thesestates.
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6. Splu#t= Slp# .

7. Thenormalizationcondition:

SlH=  WlHBH=  [RlHf = L (8.57)

n n

Thislastresulttellsusthattheprobabilityof Pndingthesystemn ary of thestategn#adds
upto unity. Moreover, we know that®y,|g.#= 0if n! msothatasystemin state|g.#can
never befoundin someotherstatelg.# Consequetly, thesetof stateq|g.#n=1,2,...}
represent.completesetof possiblealternatve Pnalstatescompletein the sensehatthe
total probability of endingup in ary of the mutually exclusive possiblebnal states|q.#
addsup to unity Bthereis nowhereelsefor the systemto be found.

By a simpleextensionof the agumentspresentedn Section8.2 in the caseof spin half
guantumstatest is now possibleto shav how the above propertiesl B7 arecompletely
analogoudo the propertiesof vectorsin a comple vectorspace.This mathematicafor-
malismwill bedevelopedmorefully in Section8.5, but for the presentve cansummarize
the essentiaideasbasedon what we have alreadyput forward earlier The importnat
pointsthenareasfollows:

1. Thecollectionof all thepossiblestatevectorsof aquantunsystenformsacomple
vectorspaceknowvn asthe statespaceof the system.

2. Theprobabilityamplitudesareidentibedastheinnerproductof thesestatevectors.

3. The intermediatestates{jg.# n = 1,2,...} form a completeorthonormalset of
basisstatesof this statespace,i.e. ary statevector |y# canbe written asa linear
combinationof thesebasisstates.

4. Thenumberof basisstatess known asthe dimensionof the statespace.

8.4 Constructing a State Space

Theideasdevelopedabore cannow beapplied to constructig a statespaceor a physical
system.The basicideais asdiscussedn Section8.3 which enablesusto debnea setof
basisstatesfor the statespaceof the system. By establishinga setof basisstates,n a
sensewe Obringhe statespacento existenceGndoncethis is done,we arefreeto use
all themathematicainachineryavailable for analysinghe propertiesof the statespaceso
constructedThequestiorcanbeaskedasto whetheror nottheideaspresentedh Section
8.3, admittedlyextractedfrom only a handfulof examples,canbe appliedwith success
to any othersystem.This is a questionthatcanonly be answeredy applyingthe rules
formulatedthereandconsideringhe consequences$n Section8.7we will discusswvhere
theseideas,if naively applied,fail to work. Otherwise theseideas,whenfully formed,
constitutethe basisof quantumphysics.

In accordancevith the ideasdevelopedin Section 8.3, constructinga statespacefor a
physical systemcanbe carriedout by recognizingthe intermediatestateghroughwhich
asystemcanpassasit makes its way from someinitial stateto someobseredpbnalstate,
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aswasdonein the caseof thetwo slit, or spinhalf systemsThus,in thetwo slit example,
thetwo possibleintermediatestatesarethosefor which the particleis to be found at the
positionof eitherof thetwo slits. In thespinhalf example thetwo intermediatestatesare
thosein which the spinis obseredto have eitherof the two valuesS, = J_r%! : theseare
thestatesnve have beencalling |[£# Theseintermediatestatesarestaesof the systemthat
canbeidentibedthroughan agumentbasedon the ideathat somephysical propertyof
the systemcanbe exhaustvely measuredo yield a setof valuesthatwe thenuseto label

acompletesetof basisstatedor the statespaceof the system.

Negatively Charged Ions Herethe systemis a moleculewhich hasacquiredan extra

electron,which canbe assumedo found only on arny oneof the atomsmaking up the
molecule. This s, of course,an approximation.The electroncould be found anywhere
aroundtheatoms,or in the spacebetweertheatoms,in away thatdepend®onthenature
of the chemicalbondbetweerthe atoms. Herewe aremakinguseof a coarsenotion of

position,i.e. we areassuminghatthe electroncanbe obsenedto resideon oneatomor

the other andwe do not really careaboutexactly whereon eachatam the electronmight

be found. Theideais bestillustratedby the simpleexampleof the O, ion in which the

electroncanbe found on oneor the otherof the oxygenatoms(seeFig. (8.3)). If we let

X = xa bethepositionsof thetwo atomicnuclei with respecto a point midway between
them,thenwe canusethesetwo possiblepositionsof the electronto label the possible
statesof the system.Thetwo statesarethen|" a#and|+ a# If the electronis obsened

to beontheoxygenatomat x = +a, thenit hasunit probability of beingobsenedon the

atomat x = +a, but zero probability of beingobsered on the atomat x = " a. These
two stategepresenmutually exclusive possibilities,andsothey aredistinctorthonormal
states:

$tal+ a#=$"al" a#=1
$ral" att= $"a|+ a#=0 (8.58)

Thesdwo statesarealsocompleten that,within thelimits of ourmodel,thereis nowhere
elsefor the electronto be found Pit is eitheron the atomat x = +a or on the atomat
x = "a. Thesetwo statesform a completesetof orthonormalbasisstatesfor the state
spaceof theion, sothatany stateof theion canbe expressedn theform

|l//#: C1| + a#t+ C2| " aft (859)

wherec,, ¢, arecomplex numbersthis is just the completeneseelationfor this system.
Likewise, ary linear combinationof {| + a# | " a#}will represent possille stateof the
ion. As therearetwo basisstatesthe statespacdor the systemhasdimension2.

This kind of modelcanbe generalizedo situationsinvolving di* erentgeometriessuch
asatomsarrangedn a ring e.g.an ozoneion O;. In this case the statespacewill be

spannedy threebasisstatescorrespondingdo the threepossiblepositionsat which the

electroncanbe obsenred. This model(andits generalizationso an arbitrary numberof

atomsarrangedn aring) is valuableasit givesriseto resultsthatsene asanapproximate
treatmenbf angularmomentumn quantummechanics.
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Ammonia molecule Herethesystemis
the ammoniamoleculeNHs; in which the
nitrogenatom s at the apex of a trian-
gular pyramid with the three hydrogen
atomsforming an equilateraltriangle as
the base. The nitrogenatom can be po-
sitionedeitherabove or belown the plane
of the hydrogenatoms, thesetwo pos-
sibilities we take as two possiblestates
of the ammoniamolecule. (The N atom
canmove betweerthesetwo positionsby
Oquantur®tunnellingtbroughthe poten-

Figure 8.4: Ammoniamoleculein two states
distingusishedby the position of the nitrogen
atom, eitherabove or belov the planeof the hy-
drogenatoms, correspondingo the staes| + |#

tial barrierlying in the planeof the hy-
drogenatoms.)Onceagain, thisis a state
spaceof dimension2.

and|" I#respectiely.

Spin Flipping In this case,we have a spin half particle (for instance)in a constant
magneticbeld,sothetwo possiblestatesarethe familiar spinup or spindown states.If,
in addition, we add a rotating magneticbeld at right anglesto the constantbeld, there
arisesatime dependenprobability of the spin Bipping from oneorientationto the othet
As the spinup andspindown statesareof di" erentenegies, this represents changen
enegy of the particle,a changethatcanbe detectedandis the basisof the electronspin
andnucleamagnetiacesonancémagingmuchusedin medicalwork. Obviously thisis a
statespaceof dimensiontwo.

The Qubit Any two statesystemcan be usedto representhe quantumversionof a
binary numbers:spin up andspin down, an atomexcited or not, andsoon. Overall the
two statescanbe representetby |0#and|1# correspondingo the two binary numbers)
andl. A linearcombination

lp#t= ColOH#+ c1|1#

canbeformedwhich representshe possibility of a memoryregisteringa bit of informa-
tion, notaseithera 0 or a 1, whichis all thatcanhapperclassically but simultaneously
registeringboth possibilitiesof 0 or 1. Sucha stateis known asa qubit Obviously, the
statespacds of dimensiortwo, andmuchthatwe have saidabove aboutspinhalf systems
applies.Quantumcomputatiortheninvolvesmanipulatingthe whole state|y# which, in
€" ect,amountgo performingtwo calculationsat once,di" ering by theinitial settingof
the memoy bit. Theideaintroducedabore canbe readily extended. Thus,if we have
two two level atoms,we have suchpossibilitiesas [00% |01# |10# and |11# where,for
instance |10#is the statein which the bPrstatomis in its excited stateandthe seconds
in its groundstate.Obviously, the state|00# representshe numberzero,|01#the number
one,|10#thenumbenwo, and|11#the numberthree.We now have two qubits,anda state

spaceof dimensionfour, andwe cansetup linearcombinationsuchas
[y#= Cool00#+ Co1|01#+ Cyo|10#+ Cy1|11# (8.60)

andwe canthenperformcalculationgnakinguse,simultaneouslyof four di" erentpossi-
ble valuesfor whaterer quantitythe statesareintendedo representWith threeatoms,or
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four andsoon, the statespacebecomesnuchlarger: of dimension2N in factwhereN is
the numberof qubits,andthe basisstategepresenthe numbergangingfrom0to 2N " 1
in binarynotation.

Benzene Molecule An example of
guite a di" erentcharacterns that of the

benzene molecule, illustrated in Fig. B
8.5. The two statesof the moleculeare / \ o
distinguishedby the positioning of the \ /

double bonds betweenpairs of carbon
atoms.Themolecule atleastwith regard

to the arrangementsf doublebondscan / \
be found in two di" erent stateswhich, |p#
for wantof abettername we will call ja# \ /

and |s# The statespaceis thereforeof
dimension2, andan arbitrarystateof the

moleculewould be givenby Figure 8.5: Two arrangementsf the
doublebondsin a benzenemoelcule cor
ly#= ala#+ b|s# (8.61) respondingdo two statede#and|B#

All the examplesgiven above yield statespacesof Pnite dimension. Much the same
argumentcan be appliedto constructstatespacesof inbnite dimension. A couple of
examplesfollow.

The Tight-Binding Model of a Crystalline Metal The examplesgiven above of an
electronbeingpositionedon oneof a (Pnite)numberof atomscanbereadilygeneralized
to asituationin which thereareaninbnitenumberof suchatoms.Thisis nota contrved
modelin ary senseasit is agoodprstapproximationto modellingthe propertiesof the
conductionelectronsin a crystallinesolid. In the free electronmodel of a conducting
solid, the conductionelectronsareassumedo be ableto move freely (andwithout mu-
tual interaction)throughthe crystal,i.e. the €" ectsof the backgroundgoositive potentials
of the positive ions left is ignored. A further developmentof this modelis to take into
accountthe factthatthe electronswill experiencesomeattractionto the periodicallypo-
sitionedpositive ions,andsotherewill beatendeny for the electrongo befoundin the
neighbourhoodf theseions. The resultantmodelD with the basisstatesconsistingof
a conductionelectronbeingfound on ary oneof the ion sitesbis obviously similar to
the oneabove for the molecularion. Herehowever, the numberof basisstatess inpnite
(for aninbnitecrystal),so the statespaces of inbnite dimension. Representinghe set
of basisstatesby {|n#n = 0,+1,+2, ...} wherenais the positionof the n" atom,anda
is the separatiorbetweenmeighbouringatoms,thenary stateof the systemcanthenbe
written as

I+*
l#= Cn|N# (8.62)
n="*
By takinginto accountthe factthatthe electronscanmalke their way from anion to one
of its neighboursmuchof the bandstructureof semiconductingolidscanbe obtained.
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Free Particle \We cangeneralizethe precediy model by supposingthat the spacing
betweenthe neighbouringatomsis allowed to go to zero,so thatthe positionsat which
theelectroncanbefoundbecomecontinuous Thisthenactsasamodelfor thedescription
of a particlefreeto move arywherein onedimension.In seting up this model,we bPnd
thataswell astherebeinganinbnitenumberof basisstatesDsomethingve have already
encountered we seethat thesebasisstatesare not discrete,i.e. a particleat position x
will bein thebasisstate|x# andasx canvary continuouslyovertherange™ < x<?* ,
therewill beanon-denumerablinPnite,thatis, a continuousangeof suchbasisstates.
As a consequencéhe completeneseelationoughtto bewritten asanintegral:
(

= |x# K| #dX. (8.63)
The stategx#and |x#will beorthonormalif x ! x” but in orderto be ableto retainthe
completeneseelationin theform of anintegral, it turnsoutthatthesebasisstateshave to
have aninbPnitenorm. However, thereis a sensan which we cancontinueto work with
suchstatesaswill bediscussedn Section8.6.

Particle in an Infinitely Deep Potential Well We sav in Section5.3 that a particle
of massm in an inPnitely deeppotentialwell of width L canhave the enegiesE, =
n?z?! 2/2mL? wheren is a positive integer  This suggestghat the basisstatesof the
particle in the well be the states|n# suchthat if the particleis in state|n# thenit has
enegy E,. Theprobabilityamplitudeof Pndingtheparticleat posiion x whenin statejn#
is then$|n#which, from Section5.3we canidentify with thewave functiony,, i.e.

) _
Yn(X) = X = %sin(nzrx/L) O<x<lL

=0 x<0, x>L. (8.64)

Thestatespacas obviously of inPnitedimension.

It hasbeenpointedout beforethat a statespacecan have ary numberof setsof basis
statesj.e. the stategn#introducedheredo not form the sole possiblesetof basisstates
for the statespaceof this system.In this particularcase|t is worthwhile noting thatwe
could have usedasthe basestateshe stateslabelledby the positionof the particlein the
well, i.e. the stategx#

As we have seen,thereare an inPnite numberof suchstateswhich in a way is to be
expectedaswe have alreadyseenthat the statespaceis of inPnite dimension. But the
di" erencebetweerthis setof statesandthe setof stategn#is thatin thelattercasethese
statesarediscrete,i.e. they canbe labelledby the integers,while the stategx#are con-
tinuous,they arelabelledby the continuousvariablex. Thus,somethingnev emeges
from this example: for statespacef inPnite dimension,it is possibleto have a denu-
merablyinbnite numberof basisstates(i.e. the discretestatesn#) or non-denumerably
inPnitenumberof basisstaes(i.e. the stategx#) This featureof statespaceof inbPnite
dimensionplusothers,arediscussedgeparatelyelow in Section8.6.

A System of Identical Photons Many otherfeatureof aquantunsystennotrelatedto
thepositionor enegy of the systemcanbe usedasa meandy which a setof basisstates
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canbe setup. An importantexampleis onein which the systemconsistsof a possibly
variablenumberof identicalparticles.Oneexampleis a Ogs®f photonsall of the same
frequeng andpolarization.Sucha situationis routinelyachiezedin thelaboratoryusing
suitably constructechollow suyperconductingmetallic cavities designedio supportjust

onemode(i.e. asinglefrequeng andpolarization)of the electromagnetibeld. The state
of the electromagneti®eldcanthenbe characterizedby the numbern of photonsin the
Peldwhich canrangefrom zeroto positive inPnity, sothatthe statesof the bPeld(known

asnumberstatesanbewritten [n#with n = 0, 1, 2, .. .. The state|0#is oftenreferredto

asthevacuumstate.Thesestateswill then constitutea complete,orthonormaketof basis
stateqcalledFock or numberstates)j.e.

MIN¥E= S (8.65)

andasn canrangeupto inPnity, thestatespacdor thesystemwill beinpnitedimensional.
An arbitrarystateof the cavity beldcanbethenbewritten
#= Cn|n# (8.66)

n=0

sothat|c,|*> will betheprobabilityof Pndingn photonsin the beld.In termsof thesebasis
statesijt is possibleto describethe processes which particlesarecreatedor destryed.
For instancdf thereis asingleatomin anexcitedenegy statein the cavity, andthe cavity

is in thevacuumstate|04 thenthe stateof the combinedatombeldsystemcanbewritten
le, 0% wheretheeindicateghattheatomis in anexcitedstate. Theatomcanlaterlosethis
enegy by emittingit asa photon,sothatat somelatertime the stateof the systemwill be
ale, O#+ blg, 1# wherenow thereis the possibility, with probability |b]?, of theatombeing
foundin its groundstate anda photonhaving beencreated.

8.5 General Mathematical Description of a Quantum Sys-
tem

It wasshavn in precedingSectionghatthe mathematicatiescriptionof this sumof prob-
ability amplitudesadmitsaninterpretatiorof the stateof the systemasbeinga vectorin
acomplex vectorspacethe statespaceof the system.lt is this mathematicapicturethat
is summarizederein the generalcaseintroducedn theimmediatelyprecedingSection.
This ideathatthe stateof a quantumsygemis to be considereda vectorbelongingto a
comple vectorspacewhich we have developedherein the caseof a spin half system,
andwhich hasits rootsin the sumover pathspoint of view, is the basisof all of mod-
ernquantummechanicandis usedto describeany quantummechanicabystem.Below
is a summaryof the main pointsasthey are usedfor a generalquantumsystemwhose
statespacesreof arbitrarydimension(including statespace®f inPnitedimension).The
emphasisereis on the mathematicateaturesf thetheory

8.5.1 State Space

We have indicateda numberof timesthatin quantummechanicsthe stateof a physical
systemis representetly a vecor belongingto a complex vectorspaceknown asthe state
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spaceof the system.Herewe will give alist of the dePningconditionsof a statespace,
thoughwe will notbeconcerningourselhestoo muchwith theformalities. Thefollowing
debnitionsandconceptsetup the statespaceof a quantumsystem.

1. Every physical stateof a quantumsystemis specibedby a vector called a state
vector ket vector or sometimegust stateand written |.. .#where. .. is a label
specifyingthe physical information known aboutthe state. An arbitrary stateis
written [y# or |p#andsoon. Thesetof all statevectorsdescribinga givenphysical
systemforms a complex vectorspace(actuallya Hilbert space seeSec.8.5.2)H
alsoknown asthe statespaceor ket spacefor the system.

2. Everylinearsuperpositiorof two or morestatevectors|p.# |p.# |ps# .. ., IS alsoa
stateof the quantumsystemi.e. the stately#given by

[y#= Cylpr#+ Colpo#+ Calpst+ ...

is a stateof the systemfor all complex numbersc, ¢,, Cs, . ...

Thesdasttwo points amounto sayingthatevery physicalstateof a systemis represented
by avectorin the statespaceof the systemandevery vectorin the statespacerepresents

a possiblephysical stateof the system.To guaranteghis, the following conditionis also
imposed:

3. If astateof the systemis representedby a vector|y# thenthe samestateis repre-
sentedby thevectorcly#wherec is ary non-zerocomplex number

Finally, we needthe conceptof a setof basisstates,and of the dimensionof the state
space.

4. A setof vectors{|p:# |po# lps# . . . } is saidto form a basisfor the statespaceif
every stateof the quantumsystemcanbe represente@sa linear superpositiorof
the|pi#3i.e. for ary stately#we canwrite

ly#= Cilpi#

The setof vectors{lgi#i = 1,2,...} aresaidto spanthe vectorspace. The vec-
tors arealsotermedthe basestatesfor the vectorspace.They arealsosaidto be
complete Whatthis meansmathematicallyis thatfor every state|p#say at least
oneof theinnerproductshp,|p#will benon-zeropr corversely theredoesnot exist
a state|¢#for which $p,|¢# = O for all the basisstategy,# Completenesslearly

meanghat no morebasisstatesareneededo describeary possiblephysical state
of asystem.

For example,returningto the spin half systemthe two stateq+#areall thatis neededo
describeary stateof the system,i.e. thereareno spin statesthat cannotbe describedn
termsof thesebasisstates.Thus,thesestatesaresaidto becomplete.
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5. The minimum numberof vectorsneededo form a completesetof basisstatess
known asthe dimensionof the statespace.[In mary, if not mostcasef interest
in quantummechanicsthe dimensionof the statespacds inPnite.]

It shouldbe notedthatthereis aninbnitenumberof possiblesetsof basisstatesfor ary
statespace Theamgumentgresentedbove by which we arrive at a setof basisstateqor
intermediatestates)senesasa physically motivatedstartingpoint to constructthe state
spacefor the system. But oncewe have debPnedhe statespacein this way, thereis no
reasorwhy we cannotatleastmathematicallyconstruciothersetsof basisstates.These
basisstateghatwe startwith are particularlyusefulasthey have animmediatephysical
meaning;this might not be the casefor an arbitrarybasisset. But thereareothermeans
by which otherphysically meaningfulbasisstatescanbe determinedoftenthe choiceof
basisstatess suggestedby the physics(suchasthe setof eigenstate®f an obsenable,
seeChapter).

8.5.2 Probability Amplitudes and the Inner Product of State Vectors

We obtaineda numberof propertiesof probability amplitudeswhenlooking at the case
of a spinhalf system.Someof the resultsobtainedthere,anda few morethatwerenot,
aresummarizedn thefollowing.

If |p#and|y#areary two statevectorsbelongingto the statespaceH , then

1. $y# a complex number is the probability amplitudeof observingthe systemto
bein the state|lp#giventhatit is in the statejy#

2. The probability of observingthe systemto bein the state|p#giventhatit is in the
stately#is |8|y#F.

The probabilityamplitude$s|/# canthenbe shavn to have the properties

3. Sply#= Splo#.
4. (W|{cilw1#+ Coly#t}= ci¥plua#+ |y Hwherec; andc, arecomplex numbers.
5. $Ulu#t+ 0. If $yly#=0 thenly#= 0, thezerovector

Thislaststatemenis relatedto the physically reasonableequirementhatthe probability
of a systembeingfoundin a state|y# giventhatit is in the state|y# hasto be unity,

i.e. |%lu#f = 1 which meansthat $/jy# = exp(in). We now choosen = 0 so that
$/ly# = 1, which is biggerthanzero. But recall thatary multiple of a statevectorstill

representshe samephysical stateof the systemj.e. |#= ajy#still representshe same
physical stateas|y# However, in this case #|l# = |a? which is not necessarilyunity,

butis is certainlybiggerthanzero.

*

6. Thequantity $/|y#is known asthelengthor normof |y#

7. A stately#is normalized or normalizedo unity, if $yly#= 1.
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Normalizedstatesare statesfor which probability is properly taken into account. It is
mathematicallycorvenientto permitthe useof statesvhosenormsarenot equalto unity,
but it is necessaryn orderto make useof the probability interpretatiorto dealonly with
thatstatewhich hasnormof unity. Any statethatcannotbe normalizedto unity (i.e. it is
of inbnitelength)cannotrepresena physically acceptablestate.

8. Two stategp#and|y#areorthogonalf $p|y#= 0.

The physical signikcanceof two statesbeing orthogonalshouldbe understood:for a
systemin a certainstate,thereis zero probability of it beingobsened in a statewith

whichit is orthogonal.In this sensefwo orthogonalktatesareasdistinctasit is possible
for two statego be.

Finally, a setof orthonormabasisvectors{lp,# n=1,2,...} will have theproperty

9. $omlen#t= dmnWheredn, is known asthe Kronecler delta,andequalsunity if m=n
andzeroif m! n.

All the above conditionssatisbedoy probability amplitudeswereto a greateror lesser
extentphysically motivated but it neverthelessurnsoutthattheseconditionsareidentical
to the conditionsthat are usedto debPnethe inner productof two vectorsin a comple

vector space,in this case,the statespaceof the system,i.e. we could write, usingthe
usualmathematicahotationfor aninner product,$|y# = (|¢# |y#. The statespaceof

a physical systemis thus more than just a comple vector space,it is a vector space
on which thereis dePnedaninner product,andso is more correctlytermeda comple

Oinneproduct@pace However, it is usuallyrequiredin quantummechanicghat certain
convergeng criteria,dePnedn termsof the normsof sequencesf vectorsbelongng to

thestatespacemustbesatisbedThisis notof any concerrfor space®f bnitedimension,
but areimportantfor spacesf inPnitedimension.If thesecriteriaaresatisPedhenthe

statespaces saidto be a Hilbert space.Thusratherthanreferringto the statespaceof a

systemyeferencas madeto the Hilbert spaceof the system.

It is importantto recognizethat all the vectorsbelongingto a Hilbert spacehave Pnite
norm, or, putting it anotherway, all the statevectorscanbe normalizedto unity D this
stateof a" airsis physically necessaryif we wantto beableto applythe probabilityinter-
pretationin a consistentvay. However, aswe shall see,we will encounte stateswhich
do not have a Pnitenormandhenceneitherrepresenphysically realizablestatesnor do
they belongto the stateor Hilbert spaceof the system.Neverthelesswith propercarere-
gardingtheir useandinterpretationsuchstategurn outto beessentialandplay a crucial
role throughoutguantummechanicsRecognizinghata probability amplitudeis nothing
but an inner producton the statespaceof the system,leadsto a more generalway of
debningwhatis meantby a bravector The following discussioremphasiesthefactthat
a bravector while it sharesnany characteristicesf a ket vector is actuallya di" erent
mathematicaéntity.

Bra Vectors

We have consistentlyusedthe notation$p|y#to represena probabilityamplitude but we
have justseenthatthis quantityis in factnothingmorethantheinnerproductof two state
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vectors,which canbe written in a di" erentnotation, (|p# |4#, thatis more commonly
encounteredn puremathematics But the inner productcanbe viewed in anotherway,
which leadsto a new interpretationof the expressiory|y# andtheintroductionof anew
classof statevectors.If we considerthe equation

Blu#= (Ip# lu#) (8.67)
andOcancete [y# we gettheresult
¥ = (I¢# ¥) (8.68)

wherethe &0s inserted temporarily to remindusthatin orderto completethe equation,
a ket vector hasto be inserted. By carrying out this procedure we have introduceda
new quantity $| which is known asa bra or bra vector essentiallybecauseh|/#looks
like quantitiesenclosedetweena pair of Obra(c)tsOlt is a vectorbecauseascanbe
readilyshawn, the collectionof all possiblebrasform avectorspace For instancepy the
propertiesof theinnerproduct,if

lo#= aulp:#t+ aglpatt (8.69)
then
(lo# ¥) = S| ¥ = (aulpstt+ aolpott ¥) (8.70)
= & (jp1#t ¥) + ay(lp#t ¥) = & Gior| ¥+ ay8ips| ¥ (8.71)
i.e.,droppingthe &Ssymbols we have
$/| = ay$ipa| + a8 (8.72)

sothatalinearcombinatiorof two brasis alsoa bra,from which follows (afterabit more
work checkingthatthe otherrequirement®f a vectorspacearealsosatisped}jhe result
thatthe setof all brasis a vectorspace.Incidentally this last calculationabove shows,
onceaggin, thatif [y#= a|p:#+ azlg,#thenthecorrespadingbrais $iy| = & $ip1|+ &,%p2|.

So,in asensethe bravectorsarethe Ocompbeconjucates®@f the ket vectors.

The vectorspaceof all bravectorsis obviously closelylinked to the vectorspaceof all
theketsH , andis in factusuallyreferredto asthedualspaceandrepresentetty H'. To
eachketvector|y#belongingto H , thereis thenanassociatetravector$y| belongingto
thedualspaceH ' . However, thereverseis not necessarilyrue: therearebravectorsthat
donotnecessariljave acorrespondingsetvector andthereinliesthedi" erenceébetween
brasandkets. It turnsout thatthe di" erenceonly mattersfor Hilbert spaceof inPnite
dimensionjn which casetherecanarisebravectorswhosecorrespondindset vectoris of
inPnitelength,i.e. hasinbnitenorm, andhencecannotbe normalizedto unity. Suchket
vectorscanthereforeneverrepresenapossiblephysicalstateof asystem Butthesassues
will notarisehere,sowill notbeof any concern.Thepointto betakenaway from all this
is thata bravectoris not the samekind of mathematicabbjectasa ket vector In fact,
it hasall the attributesof an operatorin the sensehatit actson a ket vectorto produce
a complex number this complex numberbeing given by the appropriatenner product.
Thisis in contrasto the moreusualsortof operatoreencountereéh quantummechanics
that act on ket vectorsto produceotherket vectors. In mathematicatexts a bra vector
is usuallyreferredto asa OlineafunctionalONeverthelessin spite of the mathematical
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distinctionthatcanbe madebetweerbraandketvectors thecorrespondendeetweerthe
two kinds of vedorsis in mostcircumstanceso completethata bravectorequallywell
representshe stateof a quantumsystemas a ket vector Thus,we cantalk of a system
beingin the state$y|.

We cansummarizeall this in the generalcaseasfollows: The inner product ([y# |¢8)
debnesfor all statesly# the setof functions(or linear functiorals) (y# ). The linear
functional (jy# ) mapsary ket vector |¢# into the complex numbergiven by the inner

product(jy# |¢#).

1. Thesetof all linearfunctionals(jy# ) formsacomplex vectorspaceH ', thedual
spaceof H .

2. Thelinearfunctional(jy# ) is written $¢| andis known asabravector

3. To eachket vector |y#therecorresponds bra vector $4| suchthatif |¢p:#' 34|
and|p.#'  $po| then

Cilpi#+ Colpott'  C1%pa| + C%pa|-

8.6 State Spaces of Infinite Dimension

Someexamplesof physicalsystemawvith statespace®f inPnitedimensionwereprovided
in the previous Section. In theseexamples,we were ableto proceed at leastasfar as
constructingthe statespacewasconcerned|argely aswasdonein the caseof bnitedi-
mensionalstatespaces.However, further investigation shawvs that thereare featuresof
themathematicsandthecorrespondinghysicalinterpretatiorin theinPnitedimensional
casethatdo notarisefor systemswith PnitedimensionabktatespacesFirstly, it is possi-
ble to constructstatevectorsthatcannotrepresent stateof the systemandsecondlythe
possibility arisesof the basisstateseingcontinuouslyinbPnite. This latter stateof a" airs
is not at all arareandspecialcasebit is just the situationneededo describethe motion
of aparticlein spaceandhencegivesriseto the wave function,andwave mechanics.

8.6.1 States of Infinite Norm

To illustratethe brstof thedi! cultiesmentionedabore, considerthe exampleof a sys-
tem of identical photonsin the state|y# debPnedby Eqg. (8.66). As the basisstatesare
orthonormalwe have for $y|y#

Sl#= el (8.73)
n=0
If the probabilities|c,|> form a convergentinbnite series,thenthe state|y# hasa bnite
norm,i.e. it canbe normalizedto unity. However, if this seriesdoesnot converge,thenit
is not possibleto supplya probabilityinterpretati?rto the statevectorasit is notnormal-
izableto unity. Forinstancejf co = 0andc, =1/ " n,n=1,2,...,then

$ly#t= % (8.74)

n=1
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which is a divergentseries,i.e. this statecannotbe normalizedto unity. In contrast,if
ch=1/nn=12 ..., then

1%

1 7
S|yt = . poia (8.75)
which meansne cannormalizethis stateto unity by debning
‘5
= — it (8.76)

This shawvs thattherearesomelinearcombinationof stateghatdo notrepresenpossible
physical statesof the system. Suchstatesdo not belongto the Hilbert spaceH of the
system,i.e. the Hilbert spaceconsistsonly of thosestatesfor which the cod cientsc,
satisfyEq. (8.73)2. Thisis a new feature the possibility of constructingvectorsthatdo
not represenpossiblephysical statesof the system. It turnsout that somevery useful
basisstateshave this apparentlyundesirablgroperty aswe will now consider

8.6.2 Continuous Basis States

If we now turn to the exampk in the previous sectionof theinbnitecrystal,we cancon-
siderwhathappensf we supposéhatthe separatiorbetweerthe neighbouringatomsin
thecrystalgoesto zero,sothattheelectroncanbefoundanywhereoverarangeextending
from "™ to* . This,in €" ect,is the continuoudimit of the inPnite crystalmodeljust
presentedandrepresentshe possiblepositionsthata particlefree to move anywherein
onedimensionthe X axissay canhave. In this case we could labelthe possiblestates
of the particleby its X position,i.e. |x# wherenow, insteadof having the discretevalues
of the crystalmodel, the positioncannow assumeary of a continuousrangeof values,
" < x < * . It would seemthatwe could thenproceedn the sameway aswe have
donewith thediscretestatesabove, but it turnsout thatsuchstatescannotbe normalized
to unity andhencedo not represen{exceptin an idealisedsense)physically allowable
statesof the system.

The aim hereis to try to develop a descriptionof the possiblebasisstatesfor a particle
thatis not limited to beingfound only at discretepositionson the X axis. After all, in
principle,we would expectthata particlein freespacecouldbefoundatany positionxin
therange™ < x < * . Wewill getatthis descriptionby alimiting procedurewhichis
notatall mathematicallyigorous,but neverthelesyieldsresultsthatturn out to bevalid.

2Note however, thatwe canstill constrict a bravector

h=*

= ol

n=0

without placingary restrictiors on the convergenceof the ¢,@ suchasthe onein Eq. (8.73). The corre-
spondingket cannothenrepresena possiblestateof the system put suchinnerproductsas$y|p#where|g#
is a normalizedket canstill be evaluated.The point beingmadehereis thatif H is of inPnitedimension,
thedualspaceH ' canalsoincludebravectorsthatdo notcorrespondo normalizedketvectorsin H , which
emphasizethefactthatH ' is dePnedasasetof linearfunctionals andnotsimply asaOcompbeconjugate®
versionof H . Thedistinctionis importantin somecircumstanceshut we will not have to dealwith such
cases.
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Supposeave returnto thecompleteneseelationfor the stategna#for theonedimensional
crystal

I+*

W#=  |nadalu# (8.77)

n="*
If wenow puta = $xandna= x,, BUT we write |na#= ( a|x,# thisbecomes

I+*

|yt = | X 5 X (8.78)
wherenow s
| Xt = %“ (8.79)

i.e. eachof the stategx,#is not normalizedo unity, but we canneverthelessdentify such
astae asbeingthatstatefor which the particleis at positionx, Brecallif a statevectoris
multiplied by a constantit still representshe samephysicalstateof the system.

If we putto onesideary concernsaboutthe mathematicalegitimacy of whatfollows, we
cannow take thelimit $x' 0,i.e.a’ 0, thenEq.(8.78)canbewritten asanintegral,

ie. (
|t = [x# K|y #dx (8.80)

"y

We canidentify the state]x#with the physicalstateof &' airsin whichtheparticleis atthe
positionx, andthe expressiorieg. (8.80)is consistentvith the completenessequirement
i.e.thatthestateq|x#"* < x < *} form acompletesetof basisstatessothatary state
of the oneparticle systemcanbe written asa superpositiorof the statesx# thoughthe
factthat the label x is continuoushasforcedusto write the completenesselationasan
integral. Thedi! culty with this procedurds thatthe stategx#areno longernormalized
to unity. This we canseefrom Eq. (8.79)which tells usthat $|x’#will vanishif x ! x*
but for x = x"we seethat

WXt = Ii'rrzé =* (8.81)
a

i.e.thestate|x#hasinbnitenorm! Thismeanghatthereis apriceto payfor trying to setup

the mathematicsn sucha mannerasto producethe completenesexpressioreg. (8.80),
whichis thatwe areforcedto introducebasisstateswvhich have inbnitenorm,andhence
cannotrepresent possiblephysical stateof the particle! Neverthelessprovided careis

taken, it is still possibleto work with thesestatesasif they representhe statein which

the particleis at a debniteposition. To seethis, we needto look at the orthonormality
propertief thesestatesandin doingsowe areleadto introducea new kind of function,
theDirac deltafunction.

8.6.3 The Dirac Delta Function

We have justseerthattheinnerproduct®|x*#vanishesf x ! x* but appearso beinbnite
if x = x” In orderto give somemathematicasenseo this result,we returnto Eq. (8.80)
andlook morecloselyatthe propertieghat&|x#musthave in orderfor thecompleteness
relationalsoto make sense.
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The probability amplitude®|y# appearingn Eq. (8.80) arefunctionsof the continuous
variablex, andis oftenwritten &|y# = ¢/(X), which we identify asthe wave function of
theparticle.If we now considertheinnerproduct

(4
Kyt = " Pty x (8.82)

or

(e

vy = Pp()dx (8.83)
we now seethatwe have aninterestingdi! culty. We know that®px# = 0 if x”®! x, so
if $|x#is assignedh Pnitevalue,theintegral on the right handsidewill vanish,sothat
Y(x) = Ofor all x!! Butif ¢(X) is to beanon-trivial quantity i.e. if it is notto be zerofor
all x, thenit cannotbe the casethat &|x#is Pnite. In otherwords, &Xpx#mustbeinpnite
for x = x¥in somesensdn orderto guarantee@ non-zeraintegral. Theway in which this
canbe doneinvolvesintroducinga new Ofunction@he Dirac deltafunction, which has
someratherunusualproperties.

Whatwe areafteris a Ofunctionfx" xo) with the propertythat

(
f(xo) = " (X" Xo) f(X)dx (8.84)

for all (reasonablefunctionsf(x).

Sowhatis §(x" Xg)? Perhapghe simplestway to getat whatthis functionlookslike is
to examinebeforehand sequencef functionsdebPnedy

D(x, €)= € * "€/2< X<€/2
=0 x<"€/2,x>¢€/2 (8.85)
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What we Prst notice aboutthis function is
thatit dePnesa rectanglewhoseareais al-
waysunity for ary (non-zero)alueof e, i.e.

(e

"k

D(x, e)dx = 1. (8.86)

Secondlywe notethatase is madesmaller
the rectanglebecomedtaller and narraver. £(x)
Thus,if welook atanintegral

. g I
" D(x, e)f(X)dx =€ ! | /zf(x)dx . \/ =

"€/2

. (8.87) Figure8.6: A sequencef rectanglesf de-
wheref(x) isareasonablyvell behaedfunc- creasingwidth but increasingheight, main-
tion (i.e. it is continuousin the neighbour taining a constan@areaof unity approachesan
hoodof x = 0), we seethatase ' 0, this inPnitely high OspieCat x = 0..
tendsto the limit f(0). We cansummarize
this by theequation ( .

Ielng D(x, €) f(X)dx = (0). (8.88)

Takingthelimit insidethe integral sign (anillegal mathematicabperation by the way),
we canwrite thisas

( +* ( +*
Ii,rrg) D(x, €) f(X)dx = 6(x)f(x) = f(0) (8.89)

ny Ny

wherewe have introducedthe ODiradleltafunction@(x) debPnedasthelimit

6(x) = Iirrg) D(x, €), (8.90)
afunctionwith the unusualpropertythatit is zeroeverywhereexceptfor x = 0, whereit
is inPnite.

Theabove debnedunction D(x, €) is but oneOrepresentatioofihe Dirac deltafunction.
Therearein €' ectan inbPnite numberof di" erentfunctionsthatin an appropriatdimit
behae astherectangulafunctionhere.Someexamplesare

" . 1sinL(x" Xo
o0 ) = S0
1 €

=lim=—s—
e 07 (X" Xo)2+ €2

lim Lae X ol
e 2 :

(8.91)

In all casesthefunctionontheright handsidebecomesarraver andtaller asthelimit is
taken,while theareaunderthe variouscurvesremainshe samethatis, unity.

The brstrepresentatiombove is of particularimportance.lt arisesby via the following
integral:

( + j d n i d H n
1 Leik(x.. o) gk = gt gt 1sinL(x" xo)
ﬂ Xll XO

2 . 2ri(X" Xo) (8.92)
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In thelimit of L' * , thisthenbecomes
(
1 k(X" o) ’

— € dk = 6(X" Xo). (8.93)

The deltafunctionis not to be thoughtof asa function asit is usuallydebnedn pure
mathematicsbut ratherit is to be understoodhat a limit of the kind outlinedabove is

implied whenever thedeltafunctionappearsn anintegraf. However, suchmathematical
nicetiesdo not normally needto be a sourceof concernin mostinstances.lt is usually
su cientto be aware of the basicpropertyEqg. (8.84) anda few otherrulestha canbe

provenusingthelimiting processsuchas

6(X) = 6(" X)
1
d(ax) = H<5(x)
( x5(x) =0
' 6" X)0(X" 1) = 5% Xa)

f(X)67x" Xo)dx =" £xo).

Thelimiting processhouldbeemployedif thereis somedoubtaboutary resultobtained.
For instancejt canbe shovn thatthe squareof a deltafunction cannotbe given a satis-
factorymeaning.

Delta Function Normalization

Returningto theresult (
+

(X = Py (X)dx (8.94)

™

we seethattheinnerproduct®*x# mustbeinterpretedasa deltafunction:
Pt= 6(x" XY4. (8.95)

The states|x# are said to be delta function normalized,in contrastto the orthonormal
propertyof discretebasisstates Oneresultof this, ashasbeenpointedout earlier is that

statessuchas|x#are of inbnitenorm andso cannotbe normalizedto unity. Suchstates
statescannotrepresenpossiblephysical statesof a systemthoughit is oftencorvenient,
with caution,to speakof suchstatesasif they werephysically realizable.Mathematical
(and physical) paradoxs can ariseif careis not taken. However, linear combinations
of thesestatescan be normalizedto unity, asthis following exampleillustrates. If we

considera stately#givenby

(
= |x# K| HdX, (8.96)

"y

3Thisraiseshequestionasto whetheror notit would matterwhatrepresentationf thedeltafunctionis
used.Providedthefunction f(x) is boundedover ("* ,+* ) thereshouldbeno problem,butif thefunction
f(X) is unboundedbver this intenval, e.g. f(X) = exp(x?), then only the rectangularepresentationf the
deltafunctionwill give asensibleanswe.
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then (
S lutt= | x# K[y HX. (8.97)

But SXjy#= y(X) and$y|x#= y¢(X)', sothat
( «
Suly#t= W (X)Pdx. (8.98)

Provided |y(X)]? is a well behaved function, in particularthatit vanishasx ' +* , this
integral will corverge to a bniteresult,sothatthe stately# canindeedbe normalizedto
unity, andif so,thenwe caninterpretjy(x)[?dx asthe probabilityof Pndingthe particlein
theregion (x, x + dx), whichis justthe standardBorninterpretatiorof thewave function.

8.6.4 Separable State Spaces

We have seenthatstatespace®f inPnitedimensioncanbe setup with eitheradenumer
ablyinbnitenumberof basisstatesj.e. thebasisstatesarediscretebut inbnitein numbey
or elsea non-cenumerablynbnitenumberof basisstatesj.e. the basisstatesarelabelled
by a continuousparameter Sincea statespacecanbe spannedy morethanonesetof
basisstates,it is worthwhile investigating whetheror not a spaceof inPnite dimension
canbe spannedby a setof denumerabléasisstatesaswell asa setof non-denumerable
basisstates. An examge of wherethis is the casewas given earlier that of a particle
in aninpbnitely deeppotentialwell, seep95. It transpireshat not all vector spacesof
inPnite dimensionhave this property i.e. thatthey canhave both a denumerabl@anda
non-denumerablsetof basisstates.Vector spaceswhich canhave both kinds of basis
statesaresaidto be separableandin quantummechanicst is assumedhat statespaces
areseparable.

8.7 States of Macroscopic Systems

In the examplesgivenabove, it wasassumedhatan exhaustve list of resultsthat could
be obtainedin the measuremerf someobsenrableof a quantumsystemcould be used
to setup the basisstatesfor the statespaceof the system. The value of doingthis is,
of course,to be determineby the successor otherwiseof theseideas. That quantum
mechanicss suchanoverwhelminglysuccessfutheoryindicatesthatthereis something
correctin this procedure put the questionthat arisesis this: why doesit not appearto
work for macroscopicystemsj.e. for systemswvhich we know canbe fully adequately
explainedby standardclassicalphysics? The answerappeardo lie in the fact thatin
all the exanplesdiscussedbove, whetheror not the Hilbert spaceis of bniteor inbnite
dimension,i.e. whetheror not we aretalking aboutspin up or spin down of a spin half
particle,or thepositionof aparticlein spacetheimplicit assumptions thatthesystemwe
areconsiderings totally isolatedfrom all othersystemsin particular from ary inBuence
of the surroundingervironment. After all, whenwe talked abouta system,suchasan
O, ion, we areignoring all the other physical inBuenceghat could act on this system,
i.e. we do not needto mention,in our specibcatiorof the stateof the system,arnything
otherthan propertiesthat directly pertainto the systemof interest. The assumptions
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made asit is in classicalphysics,thatsuchinBuencesresu ciently weakthatthey can
be ignoredto a goodapproximation.In €' ect, we are supposinghatthe systemsunder
consideratiorareisolatedsystemsthatis, systemghatareisolatedfrom thee" ectof ary
externalperturbations.

Classically at the macroscopidevel, we canusuallycontinueto |gnoreweakperturb|ng
inBuenceswhenspecifyingthe stateof a system. In fact, whendebninga Osystemfe
typically includein whatwe referto asthe Osystem@l) the participantsin the physical
procesdeingdescribedhatinteractstrorgly with eachother Anything elsethatweakly
a' ectstheseconstitutentss ignored. For instancewhendescribingthe orbital dynamics
of the Earthasit revolvesaroundthe Sun,we might needto take into accountthe grav-
itational pull of the Moon Bthe systemis the Earth,the Sunandthe Moon. But we do
notreally needto take into accounthee" ectof thebackgroundnicrowvave radiation left
over afterthe Big Bang. Or, whendescribingthe collision betweentwo billiard balls, it
is probablynecessaryo includethe €" ectof rolling friction, but it not really necessary
to take into accountthe frictional dragdueto air resistance Of course,sometimest is
necessaryo includeexternalinBuencegvenwhenweak:to describea systemcomingto
thermalequilibriumwith its surroundingst is necessaryo extendthe systemby includ-
ing theervironmentin thedynamicalmodel.In ary of theseexamplesthesameclassical
physicsmethodsandphilosoply applies.

Thereis asubtledi" erencevhenit comego trying to applythe quantumdeasdeveloped
sofarto macroscopisystems.The same weakperturbationghatcanbe putto oneside
in a classicaldesciption of amacroscopisystemturn outto have afar-reachinge” ectif
includedin aquantumdescriptionof thesamesystem.If we wereto attemptto describea
macroscopisystemaccordingo thelaws of quantunmmechanicswe would Pndthatary
linear superpositiorof di" erentpossiblestatesof the systemevolveson a fantastically
shorttime scaleto a classicalmixture of the di" erentpossibilities. For instance jf we
wereto attemptto describethe stateof a setof carkeys in termsof two possibilities:in
your pocket |p#or in your brief caselb# thena stateof theform

1
= <—§+|p#+ lb# (8.99)

could be usedto represena possibleOquanturstate®f the keys. But this quantumstate
would beexceedinglyshortlived (onatime scale, 10 “° sec),andwould evolveinto the
two alternatve possibilities:a 50% chanceof the keys beingin the state|p# i.e. a 50%
chanceof Pndingyour keys in your pocket, anda 50% chanceof beingin the state|b#
i.e.a50% chanceof Pndingthemin your brief case.But thisis nolongera superposition
of thesetwo states. Instead,the keys are either in the state|p# or the state|b# What
this €' ectively meands thatrandomrmssis still there,i.e. repeatinganexperimentunder
identical conditionscan give randomlyvarying results. But the stateof the keys is no
longerrepresentedyy a statevector so thereare no longer arny quantuminterference
€" ectspresent. The randomnesganthen be looked upon as being totally classicalin
nature,i.e. asbeingdueto our ignoranceof informationthatis in principle there, but
impossiblydi! cultto accessln €' ect,thequantunsystenbehaeslike anoisyclassical
system.

The procesghatwashesut the purely quantume” ectsis known asdecdierence.Since
it is €" ectively impossibleto isolateany macroscopicsystemfrom the inBuenceof its
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surroundingervironment, all macroscopicsystems(with very few exceptionssuchas
superBuidSQUID junctions)aresubjectto decoherencerlhis processs believedto play
acrudal rolein why, atthemacroscopidevel, physicalsystemswhichareall intrinsically
guantummechanicalpehae in accordancavith the classicallaws of physics. It is also
oneof themaincorruptinginfBuenceghatpreventa guantumcomputerfrom functioning
asit should. Quantumcomputergely for their functioningon the Oqubits@mainingin

linearsuperpositionsf statesput the ever-presentlecoheringe” ectsof theervironment
will tendto destry thesedelicatequantumstatesbeforea computationis completedpr

elseat the very leastintroduce errorsas the computationproceeds. Controlling deco-
herences thereforeone of the major challengesn the developmentof viable quantum
computers.

So,thebottomline is thatit is only for protectedsolatedsystemghatquantume” ectsare
mostreadily obsened, andit is for microscopicsystemghatthis stateof a* airsis to be
found. But thatis notto saythatquantume" ectsarenot presentatthe macroscopidevel.
Peculiarquantume" ectsassociatedavith the superpositiorof statesarenotto beseenput
the propertiesof matterin generalandindeedthe propertiesof the forcesof nature,are
all intrinsically quantumin origin.

4ONananis anlland, intire of itselfe@J. Donne, DevotionsuponEmegentOccasiondveditationXVII
(1693)



